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Abstract

Interpolation is a very important and very useful technique in numerical analysis. The main
task of interpolation is to replace one given function with another which is convenient and easy to
calculate and is "quite close™ to the given function. To solve this task uniquely, the function class
in which the solution is sought is narrowed, and the class of polynomial functions is usually
selected. To construct this interpolation polynomial, there are many procedures, and some of them
will be examined in this paper: linear interpolation, Lagrange interpolation formula, finite
differences, also the case of uniform nodes, Hermit interpolation and interpolation with spline
functions where mathematical description and algorithms will be provided using Wolfram
Mathematica and Maple software.
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| Introduction

Interpolation is a very important and very useful technique in numerical analysis. The main
task of interpolation is to replace one given function with another which is convenient and easy to
calculate and is "quite close™ to the given function. So, more precisely, the problem of interpolation

is to find a simple function, in this case a polynomial of degree < n that has the same values as the

given function in the n+1 points of a segment [a, b].
To clarify it more precisely, the function f (x) , Whatever, let known its values in the points
Xgs Xy eeey X2
f(%)=Yo F(%)=Y0r - F(X,)=Vas
requires a function ¢(x) that matches f (x) at the given points. Geometrically, this means that a

curve y =g¢(x) passing through the points (X,, ¥o), (X Y1), ---(X,, ¥, ) is required.
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Figure 1: Polynomial interpolation



Countless curves can be drawn through those points, so the task has many solutions. To solve this

task uniquely, the function class in which the solution is sought is narrowed, and the class of

polynomial functions is usually selected. Thus, the task is reduced to finding a polynomial P(x)

with degree no greater than n such that
P(%)=Yo P(%)=Y1 .-, P(X,) =V,
It is further considered that P(x) “represents” the function f (x) possibly even to the smallest
possible segment [a, b] containing the points X,, X, ..., X,.
The given points X;, X, ..., X, are called interpolation nodes, P(x) is called the interpolation

polynomial for f(x), and the formulas for obtaining it- interpolation formulas. The distance

between two adjacent nodes is called the interpolation step. If nodes x,, X, ..., X, are distributed

at equal distances, then the interpolation step is constant, otherwise it is variable.

To construct this interpolation polynomial, there are many procedures, and some of them will be
examined in this paper: Linear interpolation, Lagrange interpolation formula, finite differences,
also the case of equalized nodes, Hermit interpolation and interpolation with spline functions where
mathematical description and algorithms will be provided using Wolfram Mathematica and Maple
software. The mentioned interpolation methods will be processed with using Wolfram
Mathematica and Maplesoft software for their presentation and comparison. There will also be a
visual presentation of the solutions and a comparison of the solutions obtained with a

recommendation which software to use.



11 Wolfram Mathematica

Mathematica is the world’s only fully integrated environment for technical computing. First
released in 1988, it has had a profound effect on the way computers are used in many technical and
other fields [33].

Wolfram Mathematica (usually termed Mathematica) is a modern technical computing system
spanning most areas of technical computing — including neural networks, machine
learning, image processing, geometry, data science, visualizations, and others. The system is used
in many technical, scientific, engineering, mathematical, and computing fields. It was conceived
by Stephen Wolfram and is developed by Wolfram Research of Champaign, Illinois. The Wolfram
Language is the programming language used in Mathematica. Wolfram Mathematica is split into
two parts, the kernel and the front end. The kernel interprets expressions (Wolfram Language code)

and returns result expressions, which can then be displayed by the front end [34].

Figure 2: Wolfram, [35]

Stephen Wolfram is the creator of Mathematica, and a wellknown scientist. He is widely regarded
as the most important innovator in technical computing today, as well as one of the world’s most
original research scientists. Born in London in 1959, he was educated at Eton, Oxford and Caltech
[33].
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Wolfram began the development of Mathematica in late 1986. The first version of Mathematica
was released on June 23, 1988, and was immediately hailed as a major advance in computing. In
the years that followed, the popularity of Mathematica grew rapidly, and Wolfram Research
became established as a world leader in the software industry, widely recognized for excellence in
both technology and business. Wolfram has been president and CEO of Wolfram Research since
its inception, and continues to be personally responsible for the overall design of its core technology
[33].

111 Maple

Maple is a symbolic and numeric computing environment as well as a multi-paradigm
programming language. It covers several areas of technical computing, such as symbolic
mathematics, numerical analysis, data processing, visualization, and others. A toolbox, MapleSim,
adds functionality for multidomain physical modeling and code generation. Maple's capacity for
symbolic computing include those of a general-purpose computer algebra system. For instance, it
can manipulate mathematical expressions and find symbolic solutions to certain problems, such as
those arising from ordinary and partial differential equations. Maple is developed commercially by
the Canadian software company Maplesoft. The name ‘'Maple’ is a reference to the

software's Canadian heritage [36].

Maplesoft

Mathematics » Modeling « Simulation

sompan

Figure 3: Maple Soft, [37]
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IV Linear interpolation

In the case of interpolation with first degree polynomial P(x), it is called linear
interpolation. So, let get the points X, and X, = X, +h with step h and the values of the function
f(x), Yo="f (%) and y, = f(x). The value of f(x) for x=x", X, <x" <X, is required, i.e. for
some arbitrary value x~ e(xo, xl). Let the required value be denoted by y" = f (x) By using

linear interpolation, we find that

* 1

X — X
yo Lt %%
X1_Xo

Y1 Xi_X*

The last formula is called the linear interpolation formula.

I

X =)

Figure 4: Linear interpolation

Example 4.1: For the data points (2, 3) and (5, 7) find y™(x). Then evaluate y™(4).

. . . . . X, — X
Solution: From the linear interpolation formula y :L- Yo % .|, we have
=% [Y1 %—X
. Xy — X 3 2-X
y (x):i- Yo% L =1(3-(5—x)—7-(2—x))=1(15—3x—14+7x)=
X\ =% |Y» X—X 5-2|7 5-x 3 3

:1(4x+1) &1
3 3 3
Then, the geometric interpretation is given on the figure below:
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Now we evaluate the y*(4):%+%:%+%:%:5§.

Solution using Maple:

>
with{ CurveFitting)
| ArrepInterpolation, BSpling, BSplineCurve, Interactive, LeastSquares, Lowess, Pohmomiallnterpolation, Rationallnterpalation, Spline,

Thielelnterpolation)

> y = Polynomiallnterpolation([2,3]. [3. 7). x _form = Lagrange)

4x 1
Y=gty
> y = Polvnomiallmerpolation([2,3]. [3. 7). 4. form = Lagrange)

17

y=

and the geometric interpretation is:
"> #2D Pior 4/3"%+1/3
plot(4/3*x+1/3)
104
10 -5 0] 5 10
101
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Solution using Mathematica:

In[17):= InterpolatingPolynomial([{{2, 3}y {5y 7}1}s %];
¥y = Expand[%] ;
Print ["y" (x) =", ¥];
1 4x

Inj221:= InterpolatingPolynomial [ {{2, 3}, {5, 7}}, x];
Print["y" (4)=",% /. x> 4];

17
yo(4)=—
3

The graphic presentation is given below:

In2T)= Plot [y, {x, -108, 18}]

(]
T3

Example 4.2 [38]: The temeperature of a rock at 4 PM was 35°C and at 7 PM it was 23°C .

Using linear interpolation , find its temperature at 9 PM.

*

Yo X~
Y1 Xl_X*

. . : . . 1
Solution: From the linear interpolation formula y = ——- and for

X=X

X, =4, Y,=35and x, =7, y, =23 we have:

12



1 35 4-x
C7-4 123 7-x

:%(35-(7—x)—23-(4—x)):

y*(x): 1 Yo X —X
X=X |1 X=X
1

=—(245-35x—-92 + 23X :l 153-12x)=51-4x
3 3

and y(x)=51-4x.

200 1
f(x)=51-4x

150

50

-100 50 0 50 100 150

—100 {

Now we evaluate the y"(9)=51-4-9=51-36=15.

Thus, using linear interpolation we calculate that the temperature of the rock at 9 PM is 15°C .

Solution using Maple:
>
with( CurveFitting)
[Arravinterpolation, BSpling, BSplineCurve, Interactive, LeastSquares, Lowess, PohynomialInterpolation, (L
RatienalInterpolation, Spline, Thielelnterpolation)

> yi= Pohmomiallnterpolation([4.7]. [35. 23 ]. x, form = Lagrange)
yi=-4x+ 51 @

> v:= Polmomiallnterpolation([4, 7], 35, 23 ]. 9. form = Lagrange)
yi= 15

-

and the geometric interpretation is:

13



> y = Polynomiallnterpolation([4,7], [35, 23], x, form = Lagrenge)
y=-4x+51
> #2D Plot —4x+51
plot{ -4x + 51)

40

304

204

Solution using Mathematica:

In[12):= InterpolatingPolynomial[ { {4, 35}, {7y 23} }, x];
¥ = Expand [%] ;

Print[™y" (x) =", y1;
v (x)=51-4x
In[12):= InterpolatingPolynomiall[ { {4y 35}, {7y 23} }, x];
Print["y" (2)="3 % /. x=>9];
v (4)=15

The graphic interpretation is:

inite= Plot[y, {x, -100, 1060} ]

200

-200 |

14



V Lagrange Interpolation

If greater accuracy is required, which cannot be achieved by linear interpolation, then we

interpolate with a higher degree polynomial. Here we will derive a general formula, called the

Lagrange interpolation formula, for finding interpolation polynomials.

Let give a system by n+1 nodes X,, X, ..., X, of the segment [a, b] and the corresponding values

of the function f: f(X,)=Y, f(X)=Y - F(X,)=VY,-
It is required to build a polynomial L that meets the conditions:

a) To be of degree <n;
b) L,(%)=Vy, i=0,1...,n.

The polynomial L, (x) is required in the form:

L, (x)=2 P (x)y;

i=0
where p; (x) are polynomials that meets the conditions:

{pi(xj)o, JE
Q(&):l .

For one i fixed, the polynomial p;(x) becomes zero at n points Xy, X, ..., Xy, X\, ---

those are its roots and we can write:
P (%) =6 (X =% ) (X=% ) - (X=X ) (X=X )---(X=X,).
By using the condition p, (X )=1, we find

1
(Xi _Xo)(xi _Xl)"‘(xi _Xi—l)(xi _Xi+l)"'(xi _X”).

C =

2.1)

, X . So

n:

Let now find that L, (x) is interpolating polynomial. Really, first his degree does not exceed n

and further

15
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By replacing at (2.1) p, (x) by its expression we obtain

)= D (X=X ) (X=X oo (X=X ) (X =Xy )---(X—X,) |
L (x) i:o(xi—xo)(xi—xi)...(xi—xi_l)(xi—xi+1)...(xi—xn)y'

called the Lagrange form for the interpolating polynomial or the Lagrange interpolating

polynomial.

Let show now the uniqueness. Suppose that besides the polynomial Ln(x) there is another
polynomial Q, (x) of degree <n, suchthat Q,(x)=y;, i=0,1, ..., n. Inthis case the polynomial
R(x)=L,(x)—Q,(x) of degree <nwould have n+1 roots, which only happens when R(x)=0,

that is, when L, (x) and Q,(x) are identical. So L, (x) is unique. An important corollary of the

uniqueness of the interpolating polynomial is: for a given node system, each method builds the

same interpolating polynomial.

Notice that for n=1 (i.e. X, =a, X, =b) we obtained

X—b X—a
P(x)= a—b p_at

and that is the formula for linear interpolation. For n=2 (i.e. X, =a, x, =b, x, =¢) we obtained

(x-b)(x-c) _ (x-a)(x—c)  (x-a)(x-b)

Pz(x)=( )y0+

which is a formula for quadratic interpolation.

16



Example 5.1: Build the Lagrange interpolation polynomial for the given function f in the table 1.

Table 1: Values of function f in example 5.1

0

. 05 0 02 1

Solution: Since we have four points, the degree of the polynomial will be 3, so

0.3 0.5

0.1

3

Ly (x)=>_I(x)y; . First we calculate the polynomials I, :

i
i=0

L2 (X20D)(x=03)(x-05) _ x°~09x +0.23x—0.015
o(x)= (-0.1)(-0.3)(-05) 0.015 '

I, (x) does not count because it is multiplied by zero.

(x)= X(x-0.1)(x-0.5)  x*—0.6x"+0.05x
2 03.02(-02) 0.012 '

L (X)= x(x—0.1)(x—0.3) ~ x*—0.4x* +0.03x
Y 05.04.02 0.04 '

By replacing the polynomials found in L, (x) , it is obtained:

91

:%x3—30x2+—x—0.5.
12

Lo (%) = 1o (X) Yo + 1. (%) Y +1, (X) ¥, + 15 (X) ¥

The graphic representation is given in the figure below:

17



104

10 15

5

-5

—10 4
c1 fix)=125/3x*-30*+91/12x-0.5

Solution using Maple:

> withl CroveFitting)
| ArravInterpolaiion, BSpline, BSplineCurve, Interactive, LeastSquares, Lowess, PolynomialInterpolation, RationalInterpolation, Spline,

> yi= Pohmomiallnterpolation([0, 1, 3, 53].[-.5,0, 2, 1], x, form = Lagrange)

Thiglelnterpolation |
y = 33.33333333 (x— 0.1) (x— 0.3) (x — 0.5) — 16.66666667x (x — 0.1) (x — 0.5) + 25.00000000x (x — 0.1) (x — 0.3)
> simplif(33.33333333% (x — 1)*(x — 3)*(x — 5)-16.66666667*x*(x — 1)*(x — 5)+ 25.00000000*x*(x — 1)*(x — 3). size)

~0.50 + 41,675 — 30.00% + 7.58x

and the graphic interpretation is:

=> #2D Plot (-.5)+41.66666666"x"3-29.99900000%"2+7 583333332
plot((-.5)+ 41.66666666%x"3 — 29.99999999* "2 + 7.583333332%x)

30000+
200004

10000

=otho

18



Solution using Mathematica:

In[10]:= ImterpolatingPolynomial[{{@,; -@.5}, {0.1, 8}, {0.3, 8.2}, {0.5,; 1} }, x];
Print["L3{x) =" ¥];

L3(x)=-8.5+7.58333 % - 38. x* + 41.6667 %"

The graphic presentation is:

In[z4]:= Plot[yy {x; -18, 18} ]

40000

20000

Out[24)

19



4x -7

Example 5.2: Le be given f (x)= 5 and points x, =17, x, =1.8, x,=1.9 and x, =2.1.

Approximate f (2.0) using all four points.

Solution: Since we have four points, the degree of the polynomial will be 3, so

L, (x)= ili (x)y;.First we calculate the polynomials | :

() = (x-1.8)(x-1.9)(x-21)  x*-5.8x*+11.19x—7.182
T o (-02)(-04) 0.008 '
L(X)= (x=1.7)(x=1.9)(x-2.1) x*-5.7x*+10.79x—6.783
ST (01)(-0.1)(-03) 0.003 '
L (x) (x-1.7)(x-1.8)(x-2.1)  x*-5.6x"+10.41x—6.426
T 02)(00)(-02) 0.004 '
() (x-17)(x-1.8)(x~1.9) _x*-5.4x"+9.71x—5.814

(0.4)-(0.3):(0.2) 0.024
By replacing the polynomials found in L3(x) , it is obtained:

Ly (X)=1lo (X) Yo +1,(X) Y +1,(X) Y, +15(X) Y, =

x®—5.8x% +11.19x — 7.182 % —5.7x2 +10.79X — 6.783
T 0.008 (0(8))+ 0.003 (-1)-

_ X -56x"+1041x-6426 . X’ -54x"+9.71x-5.814

(-6) 14 -
0.004 0.024

x® —5.7x*+10.79x — 6.783 .

=—83.(3)-(x° ~5.8x* +11.19x—7.182) -
0.003

+1500(x° —5.6x* +10.41x - 6.426) +583.(3)-(X° —5.4x* +9.71x~5.814).

Then, we have:

L, (2.0) = —4.3333336.

20



Solution using Maple:

with( CurveFitting)
| Arrayinterpolation, BSpline, BSplineCirve, Interactive, LeastSquares, Lowess, Polmomiallnterpolation, Rationallnterpolation, Spline, Thielelnterpolation| [4)]
v == Pohmomiallnterpolation([1.7,18.1.9.2.1], [0.666666, -1, -6, 14 ). x form = Lagrange)
pi=-8333325000(x— 18) (x—19) (x—21) — 3333333333 (x — 1.7) (x — 1.9) (x—2.1) + 1500000000 {x — 1.7) (x — 1.8) (x—2.1) + 5833333333 (x 2
—17) (x—18) (x—139)
simplify

1666.666750 (x — 1.68479792262646) (x — 1.77803926345776) (x — 2.03716282891579) 3)

simplifi( -83.33325000 (x — 1.8) (x— 1.9) (x— 2.1) — 333.3333333 (x — 1.7) (x— 1.9) (x — 2.1) + 1500.000000 (x — 1.7) (x — 1.8) (x — 2.1) + 583.3333333 (x — 1.7) (x
— 1.8) (x— 1.9),5ize)

1666 666750 (x — 1.68479792262646) (x — 1.77803926345776) (x — 2.03716282891579) “@
eval( 1666 666750 (x — 1.68479792262646) (x — 1.77803926345776) (x — 2.03716282891579).x=2.0)
-43333 6]

and the graphic presentation is:

S % 10° 1
~10 -5 0] 5 10
; x

-5 % 10°-

“1.x 10°%-
~15x 10%

~2 x 105"
~2.5x 10°4

21



Solution using Mathematica:

Inj41= y = InterpolatingPolynomial[{{1.7, ©.666666666}, {1.8, -1}, {1.9, -6}, {2.1, 14}}, x];
In[Z]:= Print["L3(x)=") ¥];
L3(x)=14 + (33.3333 4 (333.333 + 1666.67 (-1.9+%)) (-1.7+%)) (2.1 + %)

L3[x ] :=14+ (33.3333 + (333.333 + 1666.67 (-1.9+ x}) (-1.7+ %)) (-2.1+ x)
InT= L3[2.0]

curT= - 4.33333

The graphic representation is given in the figure below:

Inj2:= Plot[ys {x, -18, 18} ]

1=10%

22



V1 Aitken interpolation procedure

The Lagrange method of computing polynomial interpolation is sufficiently general, but
large-scale computations make it quite inconvenient especially when looking for a function value
for only one value of the argument. Therefore, other rules are developed, which allow to find the
required value of the interpolation polynomial without calculating its coefficients. Such an
opportunity provides the so-called Aitken's procedure, in which the interpolation polynomial is

constructed inductively.

Let be given the interpolation nodesX,, X, ..., X, and the corresponding values of the function
fof(X)=Ye f(X)=Yu.... T(X,)=Y,. Itisrequired to construct the interpolating polynomial
P(x) of power n for these data.

We first form the linear expression:

(X): yi(Xi+1_X)_yi+l(Xi_X)_ 1

X1 — X% X=X

Yi X —X

P )
Yia X —X

i, i+l

Itis clear that P, (x;)=y; for j=0,1,...,nandi=0,1,...,n-1.
Further we form the polynomial of the second degree:

P i (X) _ Pia (X)(Xi+2 - X)_ Pitise (X)(Xi - X) _ 1

Xiio =% X;

Notice that
P

ii+l, i+2

(x;)=y; for j=0,1,...,nand i=0,1,...,n-2.

Finally, it can be proved without difficulty that, if the polynomial of degree n is constructed:

Pt (X)X =X)=F 5 (X)X —X 1
e X)_Xlz (X)(% ):x—x
n 0 0

Po,l,z,..., n—l(x) X —X
Pl,z,...,n(x) Xn —X

then B, , .(x;)=y; for j=0,1...,n.
The process can be stopped without reaching polynomial of degree n, if P(),1,2,...,I<(X) and

P12 (X) for k<n—1, match as many digits as the required value must have.
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One problem that arises in this algorithm is the use of many indices in the interpolating polynomials
of different degrees. To avoid this, Aitken's algorithm can be given a new approach using another

layout. So, we denote the polynomials of zero degree
Po=f(x)fori=0,1..,n,
and by recursive formula:

Pk () (% =x)=P. (%, —X) _ 1
X — X, X — X,

Pk’k X, — X
Pi,k X —X

Pi,k+1(x):

construct the polynomials of degree k +1, recognizing those of degree k .

Using the above formula for i =k +1, ..., n, we obtain P,  (x) which is the required interpolation

polynomial. The polynomials obtained from the above recursive formulas are presented in the table

below:

Table 2: Neville's method, [4]

Xp—X
I:)1,1 X;—X
Pz 1 Pz,z X,—=X
R 1 Pi,2 R,i X;—=X
Pn,l Pn,z I:’n i I:)n, n Xn_x

This modified Aitken algorithm is also called the Neville algorithm and derives from it by

substituting, for i =k, k+1, ..., n simply P, =R, , ;.
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Example 6.1: [2] Apply Neville’s method at x =1.5 and the data below:

Table 3: Datas for function f in example 6.1

1.0 0.7651977
1.3 0.6200560
1.6 0.4554022
1.9 0.2818186
2.2 0.1103623

Solution: Let x, =1.0, X, =1.3, X, =1.6, X, =1.9, and x, =2.2, then

Po=f(10), Ry="f(13), P, =f(16), P, =f(19), P, =f(2.2). Now let calculate:

1
R,(18) -1

X =X

Yo X —X
i X=X

1 ‘0.7651977 1.0—1.5‘ 1 /0.7651977 —0.5‘

1.3-1.0|0.6200860 1.3-1.5| 0.3/0.6200860 0.2

=3.33333333-0.15700346 ~ 0.5233449.

1
P, (1.5) =—

X, =%

i X —X
Y, X=X

T16-1.3/0.4554022 1.6-15 0.3/0.4554022 0.1

1 ‘0.6200860 1.3—1.5‘ 1 [0.6200860 —0.2‘
= 3.33333333-0.15308904 ~ 0.5102968.
Similar we have: P, (1.5)=0.5132634, P,, (1.5)=0.5104270, P, (1.5) = 0.5124715,

P,,(1.5)=0.5112857, P,,(1.5) = 0.5137361, P, (1.5)=0.5118127, B, (1.5) = 0.5118302, and

P, . (1.5)=0.5118200.

So, from the above data we have the table:
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Table 4: Neville’s table for the concrete problem

P, , =0.7651977
P, =0.6200860 P, , = 0.5233449

P, , =0.4554022 P,,=0.5102968 P, ,=05124715

P, ,=0.2818186 P,,=05132634 P,,=05112857 P,,=05118127

P,,=0.1103623 P,, =05104270 P,,=05137361 P,,=05118302 P, ,=0.5118200

Solution using Maple:

>

| with(Studeni| NumericalAnalysis]) -

| >

[> = [[1.0,0.7651977]. [1.3,0.6200860]. [1.6.0.4554022] [1.9.0.2818186]]-
> p3 = Pohmamiallnterpalation|xy, method = neville, extrapolate = [1.5])

p3 = POLYINTERP([[1.0,0.7651977], [ 1.3, 0.6200860], [ 1.6, 0.4554022], [1.9, 0.2818186]], method = neville, extrapolate = [1.5], o
INFO)
(> NevilleTable( p3.1.5)
0.7651977 0 0 0
0.6200860 0.5233448671 0 0
04554022 0.5102568002 0.5124714781 0 @

02818186 05132634002 05112856669 05118126939

(> p3a = AddPoint(p3.[2.2.0.1103623])

p3a == POLYINTERP([[1.0.0.7651977], [1.3, 0.6200860]. [ 1.6, 0.4554022], [ 1.9, 0.2818186], [2.2. 0.1103623]], extramelate = [1.5], @3
digits = 10, methad = neville, INFO)

|> NevilleTable( p3a,1.5)

0.7651977 0 ] 1] 0
0.6200860 0.5233448671 ] 1] 0
04554022 0.5102968002 0.5124714781 0 0 @
02818186 0.5132634002 0.5112836669 0.5118126939 0

01103623 0.5104270002 0.5137361336 05118302149 05118199942
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Solution using Mathematica:

ER

(= ® =1.84 —

1@

i ] 1.5j
nodes = Table[x;, {i, @, 4}];
ngg = @.7651977;

Py,e = 0.6200860;

| J= Pa,e = 0.4554022;

Pi,s = B.2818186;

| 1= Py,e = 0.1103623;

(1= Py =

[+]= Pz,a =

[+]= P30 =

[ ]= Pga =

[ J= P, =

P32 =

1 (P
Det[ .8
Ky = Xg \P1,0
1 [ p
Det[ .8
¥z = Xg \ Pl_.ﬂ
1 P
Det[ .8
X3 = Xg \ P]-_.ﬂ
1 [p
Det[ .8
Xy - Xg \Fae
1 (p
Det[ bt
¥z = X3 \ Pl_.i.
1 (p
Det[ bt
X3 = X1 \ P!-_.L
1 [ p
= De‘t[ bt
My = X1 \ P]-,l
1 [ p
= De‘t[ bt
My = X1 \ P4_.1.
1 i p
= Det[ n2
X3 = X3 \ Pl,l

27

g =X
xl—x‘l

gl
g = X
x;_—xJ

gl
g = X
X3 =X |

g
g =X
xd—x‘

=y
X -X
X =X |

gl
Xy =X
¥ - X
¥ - X
¥y =X
Xy =X
By =X
¥y - X
xl—x‘l

e —
e

e — e —
e -

o —
e

-

e

-



Pyo X3 -X
Ps,s = Det[[“ : ]]
Xy - Xz Paa Xq-X
1 Py X3-X
313 %
Pa,s = Det[[ ' ]]
Xy = X3 Pa,z ¥g-X

inf-7= Print["The Neville tabel is"]j

@ xg Pae ""
1% Pie Py ™
Print [TableFar‘m[ 2 %3 Pag P33 Paa "™ """ |, TableHeadings - {Mone, { "i", “xl“}}]];
3 %3 Py P3y Pia P3a ™"
4 %3 Py Py Py Paz Pag
The Newille tabel is

Ri

@.785198

@.628880 @.523345

@.455482 @.587835 8.512471

8.281819 @.496654 8.514448 8.5113813

@.118362 @.49235 8.516457 8.511387 8.51182

oW B @ e
[
R2AD L

Example 6.2: Using the Neville scheme, find ¥/1.15 when the table is given:

Table 5: Datas for function f = 3/; at given points

1.0 11 1.3 1.5 1.6

- 1.000 1.032 1.091 1.145 1.170

Solution: Let x, =1.0, x, =1.1, x, =1.3, x, =1.5, and x, =1.6, then

Po=f (1.0), Po=f (1.1), Po=f (1.3), Po=f (1.5), Po=f (1.6).

Now let calculate:

1 |¥% %-x 1 [L000 10-1.15 1 [L000 -0.15
P, (L15)=—— - - L ~10-0.1048 =1.048.
' % %%, %-X L1-100.032 11-115 011032 -0.05
X 1032 1.1-1.15 1 [L032 —0.05
P, (L15)= T+ | 7o 1 -1 — 5.0.20935 = 1.04675.
' X,—%|Y, %-X L3-11[.091 13-115 02/1.091 0.5
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Similar we have: P,;(1.15)=1.0505, P,,(1.15)=1.0575, P, ,(1.15) =1.04738,

P, (1.15)=1.04722, P,, (1.15)=1.047, P,;(1.15)=1.04733, P, (1.15)=1.0472, and

P, (1.15)=1.0473.

So, from the above data we have the table:

Table 6: Neville’s table for the concrete problem

P,, =1.048

P,,=1.04675 P,,=1.04738

P, =1.145 P, =1.0505 P,,=104722 P, ;=1.04733

P,,=1170  P,,=1.0575 P, , =1.047 P,,=10472 P, =10473

Solution using Maple:

L
with( Student] NumericalAnalysis|) -

ave=[[1.0,1.000]. [1.1,1.032]. [1.3.1.091]. [1.5.1.145]] :
p3 == Polynomiallnterpolation|xy, method = neville, extrapolate = [ 1.15])
p3 = POLYINTERP([[1.0,1.000], [1.1,1.032], [13.1.091]. [1.5, 1.145]], method = neville extrapolate = [1.15], INFO) )]
NevilleTable(p3,1.15)
1.000 0 o 1}
1.032 1.0480 0 0
1.091 1.046750000 1.047375000 0 @

1.145 1.050500000 1.047218750 1.047328125
p3a = AddPoint(p3.[1.6,1.170])
p3a = POLYINTERP([[1.0,1.000], [1.1,1.032], [1.3, 1.091], [ 1.5, 1.145]. [1.6, 1.170]], method = neville, extrapclate = [1.15], digits = 10, INFO) &)
NevilleTable( p3a, 1.15)

1.000 0 ] 1] ]
1.032 1.0480 ] 1] ]
1.091 1.046750000 1.047375000 0 0 “@
1.145 1.050500000 1.047218750 1.047328125 ]

1.170 1.0573 1047000000 1.047196875 1.047295312
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Solution using Mathematica:

(]

¥p = 1.8;
¥ =1.1;
¥ = 1.3;
¥y = 1.5;
¥3 = 1.65
x = 1.15;

Pg‘lg = 1.000;

PLJQ =1.832;

P}_Jg =1.891;
P]_Jg =1.145;

Fq_lg = 1.1?93

1
Pi,1 =
¥y - Xg
1
Pai=
Xz =¥
1
P31 =
X3 = X3
1
Pa,1 =
Ky = K3
1
Pa,2 =
Xz = Xg
1
Pia =
Ky =Xy

Det[ [Fo.e
\ P10
(p
Det[ 8
\ P20
(p
Det[ e
\ P10
(p
pet|| **
\ Fa,e
(p
Det[ Tl
\ Fz,1
(p
Det[ i
\ P31

30

My =X

b b
e
s s
L1




P31 X3 -

Pa ¥a-

ey M
[E—
-

L4

=l
-
[
[
=3
"
-
— — —
—, —, —,
] =
-
[
]
L4
[—
-

¥y - Xg P32 X3 -
1 Py, ¥ - X
1,2 %
Pa,3 = Det ! . ];
Ky - Ky 4,2 ¥g - X
1 -
Hg - X
Paa = Det { 3 . ];
Xy - Xp Paaz Mg -X

2Z)= Print["The Neville tabel is"];

¥s Pa,e
¥ Pra Pia
®3 Pae P20 P22 """ |, TableHeadings -+ {None, { "i", "Kj“}}]]i

Print [Tab] eForm [
¥z Pae Pia Paa Paa
¥s Pae Pas Pas Paz Paa

bW R R D

The MNeville tabel is

Xy

1.
1.832 1.848

i

a 1.

1 1.1

Z 1.3 1.891 1.84875 1.84738

3 1.5 1.145 1.8585 1.84722 1.84733

4 1.6 1.17 1.8575 1.847 1.8472 1.8473
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V11 Interpolation by Divided Differences

The Lagrange interpolation polynomial is only suitable for theoretical studies, such as
when examining the problem of constructing quadratic formulas, but when it needs to be
practically applied its form is not appropriate, due to the many procedures that need to be done.
The use of divided differences gives a better opportunity, in cases where the nodes are
arbitrary.[4]

7.1 Divided Differences

Let be given the points X,, X, ..., X, and the function f in [X,, X, ].

Definition 7.1.1. [2] First divided difference of a function f with respect to x; and x;,, denoted

i+1

f[X, %], is defined as:

i? T+l

f(xm)—f(xi).

f[xi’ Xi+l]:

Definition 7.1.2. [2] Second divided difference of a function f with respect to X, X, X

i+l “Ni+2

denoted f[X;, X.;, %], is defined as:

f [Xi+17Xi+2]_ f [Xi’Xi+1] _

X0 Xt Xii2] = .
i+2 i

i? i+l

Definition 7.1.3. [2] n - divided difference for a function f about the points x,, X, ..., X, denoted

by f[X, X, ..., X,] is called the expression:

For solving exercises often, it helps building the table for divided differences:
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Table 7: Divided Diference, [4]

T f(x)

L flxo0 %]

. f(%) f X0, % %]
] [k

- G

. F[Xo0 %1 coms %]
)

. F[Kog %]

B« [y %o %]
. F[X, 0 %]

(%)
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7.2 Newton's interpolating polynomial

By the definition of divided differences, we have:
f(x)="1(%)+(x=%)f[x x]

% %)= %, x]+(x=%) f[X % %]

f[x, Xo, X s Xn—l:|= f[ X0 X0 X ooes X, [+ (X=3,) f [x, Xo, Xs oees xn]
By replacing step by step, we have:

f(X)=1f(%)+(x=%) f[Xo, X ]+ (X=X )(Xx=%) F[X0, X, X, ]+...+

n

(X =% ) (X=X ) (X=X ) F[Xoo Xpo ooes X ]+ F[X0 Xg0 X, ooy xn]l—ol(x—xi)

where
P(X)=f (%) +(Xx=%) fF[Xo, %]+ (X=X ) (X=% ) (X=Xt ) T [Xos Xpy ove X, ]

is called Newton's interpolating polynomial with divided difference

and

gives the truncation error.
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Example 7.1.1: [2] Complete the divided difference table for the data used in Example 6.1 of

Section 6, and construct the interpolating polynomial that uses all this data.
Solution:

First, we construct the table of divided differences.

First divided differences are:

f(x)-f - _
[, %= (%)= f(%) _06200560-0.7651977 _-0.1451417 _ 483805666666
— X, 1.3-1.0 0.3
Ix %] f (%)= f(x) _04554022-0.6200560 _-0.1646538 _ /00 46
X, — X, 1.6-1.3 0.3
[0 %] - f(%)-f(x) _02818186-0.4554022 _—0.1735836 _  .o- 12,
X3 — X, 1.9-1.6 0.3
D x] - f (%)= (%) _0.1103623-0.2818186 _-0.1714563 _ .\ n

X, — X, 1.9-22 0.3

Second divided differences are:

f %, %, ]— % %] _ —0.548846 -+ 0.483805666666

f X X %, | = - 16-10 =-0.108400555556
2 0 ) *
f _f _
D % ] = [X,, x;]_ Xl[xl, %] _ o_578(13192_+10é548846 _ 0.04961.
: 9-1.
%0 % %] = DX %]~ T, X ] _ -0.571521+0578612 ) 110153333335

X, — X, 22-16
Third divided differences are:

f X0 X0 X3 ] = F[%, X, X,]  ~0.04961+0.108400555556
X; — X, 1.9-1.0

X X0 X1 %] = = 0.0653228395066,
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F X X5 %] f %, %, %] _ 0.0118183333333+0.04961

f X, X, =
D % %0 %] X, — X, 2.2-1.3

=0.0682537037033,

and the fourth divided difference is:

f X0 X0 Xa0 Xy ] = £ [X00 X0 X0 X5 ]
X, — X,

f X0 X0 Xo0 Xg, X, ] =

=0.0024423868305.

Thus using the values found above we construct the Newton interpolation polynomial with
divided differences:

Py (%)= (%) +(x=%)) f X, X ]+ (X=X ) (x=%) [ %0, %0, %, [+ (X =% ) (X =% ) (X=X, ) £ [ %0, %0, %50 % |+
+(X =% ) (X=X ) (X =%, ) (X=%3) f [ X, X, X, X5, X, ] =0.7651977 —0.483805666666 ( x —1.0) —
—0.108400555556 (X —1.0)( x—1.3) +0.0653228395066 (X —1.0)(x—1.3)(x—1.6) +
+0.0024423868305 (X —1.0)(x—1.3)(x—~1.6)(x—1.9).

Then

f (L5) =~ P, (L.5)=0.511811352263656 .
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Solution using Maple:

>

_ with Student| Numericaldnalysts|) -

>

> = [[1.0,0.7651977]. [1.3,0.6200860], [1.6.0.4554022], [1.5.0.2818186]]
> p3 = Pohmomiallnterpolation|xy, independentvar = 'y, method = newten)

p3 = POLYINTERP([[1.0,0.7651977]. [ 1.3, 0.6200860], [ 1.6, 0.4554022]. [1.9, 0.2818186]], independentvar = x, method = newton,
INFO)
> DividedDifferenceTable( p3)

0.7651977 0 0 ]
0.6200860 —0.4837056667 0 ]
0.4554022 —0.5489460000 —0.1087338888 ]

02818186 —0.5786120000 —0.04944333333 0.06587839497

> pd = AddPoint(p3,[22.0.1103623])
p4 == POLYINTERP([[1.0,0.7651977], [1.3, 0.6200860], [ 1.6, 0.4554022], [1.9. 0.2818186], [2.2, 0.1103623 ||, independentvar = x,

method = newton, digits = 10, basis=[1,x— 1.0, (x —1.0) (x — 1.3), (x — 1.0) (x — 1.3) (x — 1.6) |, INFO)

> Imterpolant( pd)
1.248903367 — 0.4837056667 x — 0.1087338888 (x — 1.0) (x — 1.3) + 0.06587839497 (x — 1.0) (x— 1.3) (x — 1.6)

+0.001825102950 (x — 1.0) (x — 13) (x — 1.6) (x— 1.9)

> simplifi (4) )
0001823102930 (x + 35.5959525915397) (x + 1.44249419659602) (x — 2.40551343249645) (x — 4.33721888101199)

=> collect(.1825102950e-2%(x + 35.5959525915397 ) *(x + 1.44245419659602 ) *(x — 2.40551343249645)* (x — 4.33721888101199). x)
0.9777350577 + 0.001825102950 % + 0.05529279787x° — 0.3430466036 1~ + 0.07339134590x

> evaf[ﬂ.Q?TBSDS?? + 0.001825102950 x* + 0.05529279787x — 0.3430466036 1" + 0.07335134590xx= 1.5]

0.5118199947
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Solution using Mathematica:

3i
In[1=%;_ =1.84+ —3;
1@

nodes = Table[x;, {i, @, 4}];
flxe] = 0.7651977;
flx:] = 9.6200860;

mia= fFx] = 8.4554022;
fIx3] = ©.2818186;

si= Fxg] = ©.1103623;

flx] - fixe]
nigl= F¥es ¥g] = ——;
X1 - Xa
Flxz] = Fx]
niTk= Flxy X3] = —————;
Hp =Xy

flxa] - fx2]

nl1gl= F[%2y 3] = H
¥y - ¥z
flxa] - F[xa]
nigk= Flxay xg] = ——————;
Ky = Xa

Flagy x] = Fxgy 11

In[20= F[xgy %1y %] = i
X3 = Xp
gy 23] = Fx, 1]
Flagy 2y ] = i
X3 =Xy

s 1] =[x, 3]

Inf3zl= f[Xay X3y %] = i
X=X
21y Xay ¥a] = F%ay 31,5 %)
Flxpy 2y Xy ] = j
X3 - Xg
gy %35 %] = Fx1, 3, %)
Flx1y Xay X3y ] = 5
LE ]
X1y X2y X35 Xa] - F¥ey Xoy X2y %]
Flxas ey Moy Xay Xg] = §
My - Xg
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In[28]:= Print["The Divided Difference table is"];

xa Flxa]

1 Fla] flxes %]

® Fxa] Flxes %] Flxas X135 X2] » TableHeadings - {None, { "i", "x;"} }]];
x3 Flxa] Flxas %3] Flxs %25 3] Flxes 215 225 xa] "

4 xg Flxa] Flxas xa] Flxay 335 %] Flxes Xa5 X35 2] Fl¥es x5 X25 X35 3]

Print [Ta bleForm [

W R @

The Divided Difference table is

i Xy

a 1. @.765198

1 1.3 B.628886 B8.483786

2 1.6 @.455482 @.548946 @.188734

3 1.9 @.281819 B8.578612 @.8494433 @.8658784

4 2.2 @.1le362 @.571521 @.8118183 @.8688685 @.eel8251

In[E5]:

InterpolatingPolynomial [{{Xe, fIxe]}, (X1 Flxa]1}s {22y Flxalls {2y Flxalls s Flxall}s x]
OuffE5l= @.118362 + | -@.545696 « |- B.B489506 + (@.@664259 + 8.8018251 (1.3 +x)) (-1.6+x%)) [-L.+x}) (-2.2+x)

In[E7):= Simplify[@.110362 + (-0.545696 + (-0.0489506 + (0.0664259 + 0.0018251 (-1.3 +X)) (-1.64+x)) (1. +x)) (-2.24+x)]

OwiET= B.977735 + @,8733913 x - 8.343047 x° -+ ©.8552928 %" + 9.8018251 x*

In[1= F[x ] 1= ©.977735 + 0.0733913 x - 0.343047 x° + 0.0552028 x° 4+ 0.0018251 x";
Inf2)= F[1.5]

out[zl= ©.511819

Example 7.1.2: For data’s given in table:

Table 8: Datas for function f in example 7.1.2

a) Calculate the divided differences for f (x);

b) Construct the interpolation polynomial of degree 3 with divided differences;

c) Using divided differences calculate f (3).

Solution:

First, we construct the table of divided differences.

First divided differences are:
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—f(x 1-1
f[Xo,X1]_ (Xi)_ (0):1_020’
X, = Xo
f(x,)—f(x 2-1
D)= ;>_X1< )2ty
2
f(x f(x 5-2 3
flex]= (:()—x( 2):4—225'
3 2

Second divided differences are:

f X, Xy, X 1-0 1
f[XO’Xl’ XZ] [Xl x]—x[ 1]:2—025’
2 0
3 1
fIx,, X flx, x 5 1
L o e
3

Third divided difference is:

11
f[Xl’ X2,X3] [X % X2] 6 2:—i
4-0

f X0 X0 %o, %3] = o x
3

Thus using the values found above we construct the Newton interpolation polynomial with
divided differences:

Py ()= (%) +(X=%)) fF[Xo, X, ]+ (X=X ) (X=%) f [Xg, %, %, |+

+(X =% ) (X=X ) (X=X, ) f [ %0, %, %, X5 ] =

:1+0-(x—0)+%-(X—O)-(x—l)—% (x=0)-(x-1)-(x-2)=
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The graphic representation is given in the figure below:

fx)=-(1/12)*+3/4%2-2/3x+1

10

-5

Solution using Maple:

with(Student| NumericalAnalysis]) -

ave=[[0. 1] [1.1]. [2.2]]:
p2 = Pohmomiallnterpolation(xy. independentvar ='x', method = newian)
p2 = POLYINTERP([[0, 1], [1, 1], [2.2]]. independentvar = x, method = newtan, INFQ)
DividedDifferenceTable( p2)
100
1o 0
1
21 5

p3 = dddPoimt(p2, [4.5])
p3 = POLYINTERP([[0, 1], [1,1]. [2, 2], [4. 5]]. digits = 10, independentvar = x, basis= [ 1, x, x (x — 1) |, method = newton, INFQ)
Interpolent| p3)

- rlx—=1) x(x—1)(x—2)

simplifv( (4) )




#2D Plot 1+3/4™"2-2/3"%-1/12%"3
plot(1+3/4%x"2 —2/3%x— 1/12%x"3)

|u|-_q

Solution using Mathematica:
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Xg = Bj
® = 1j
K3 = 23

Hy = 43

flx] =1

'F[)(j_] =1

In[7)= F[x2]
flxa]

Infzl= F[Hes %1]

In[10)= %15 %a2]

In[11]:= F x5 %3]

In[12]:= Fxgy X1

Flx1s %2

Flxay ®1s Xa,

L%, I %)

[

[

flx] - Fxe]

X1 = Kag

¥

fxz] - Fx1]

fxa] = Fx2]

3]

3]

3]

n[12}= Print ["The Divided Difference table is"];

@ x5 Flxgl
Print [Tab]eFom[

The Divided Difference table is

i oxy
5 8 1
1 1 1 @
2 2 2 1 *
2
3 a4 s * % L
2 6 12

13 Flxg] Flxgs %]
2 x; FIxg] Flxgs %3] FlMgs X5 %3]
3 2 Flkg] Flxgy k] Flxgs 2, %] Fl3 X5 X2y 3]

X2 =Xy

X3 = Xz

flxs 1]

¥

e

= Fxgs 1]

Ky ~ Kg

Flxay ®a] = Fx1s 22]

Ky = Ky

Flxey 2y %3] - ¥y %15 %]

43

X3

= Xag

¥

» TableHeadings -+ {None, { "i", “xj"}}]];



(]
L

Out[21

From what we calculated above it can be concluded that both analytically and through Wolfram
Mathematica and Maple software the same divided differences for f (x) are obtained and the same
interpolation polynomial of the 3rd degree with divided differences is constructed as well as the
value f(3) is the same in all three cases. Also, the graphic presentation is the same in all three
cases.

In this example, the Maple software for task solving uses the Student[NumericalAnalysis] sub

package, which briefly and clearly provides the required solution, which is another advantage of

7= InterpolatingPolynomial[{{xa, flxe]}s {x1, Flx1]}s {32, Fl2]}y {¥3,

r 1 2 - x
"'=1-|—- (=1 + X} x
L2 12
1 2-x
|:= 5imp1iFy[1+ [— - ] (-1 +x) x]
2 12
1 L
¥ — (12 - 8Bx+ 9% - ¥
12
1 2-x
'F[X_]:le[_l ]{-14){}:{,‘
2 12
f[3]
7
2
1
In[22]:= P]ot[— (12 - 8x 497 - 3), {x, -10, 19}]
12
FS_
Out[Z2]
GOl
1 e —— o — 1 1
0 5 5 QT
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this software. Whereas in the Mathematica software we generated the code ourselves which took

us more time, but we still got the same result as with Maple and the analytical solution.

V111 Case of equidistant nodes

8.1 Finite Differences

Let be given the points X,, X, X,, ..., X, and the function f on [x,, X, ].
Suppose now that the points x,, X, X,,..., X, are equidistant, ie. x,—x=h for

i=0,12,....,n-1.

Definition 8.1.1. [4] The finite first order forward difference for the function f in relation to x

(or x;) is called the expression

Af (x)=f (x+t)—f(x) or Af (%)= f(%,,)— (%)
and the k™ order forward difference is defined as

ACF(X) = A(ASF (X)) or AN (%) =A(AM (X))

These differences are often presented in a tabular format as in Table 9.

Table 9: The finite forward difference [4].

(%)  Af(x)  A%f(x) - A"f(x)
(%) éf(xl) A*f (%)

f(%y) Af(X)
f(x,

(%)

f
f
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Definition 8.1.2. [4] The finite first order backward difference for the function f in relation to x
(or x;) is called the expression

v (x)=f(x)—f(x—t) or VE(x)="f(x)—f(x,)
and the k™ order backward difference is defined as

VEE(X) =V (VX)) or VR (x,)=V(VH ().

These differences are often presented in a tabular format as in Table 10.

Table 10: The finite backward difference [4]

if (%)

F(42) VE(x.) VEF(x,,)
(x,)  Vf(x,) VE(x) - V'f(x)

Definition 8.1.3. [4] The finite first order central difference for the function f in relationto x (or

X, ) is called the expression

“ifer g e rotamofa o)

and the k™ order central difference is defined as

8 f (x)=56(8"f (x)) or 5*F (x;)=5(8F (x)).

St (x

N—

The above meanings are not independent of each other. The following relations are true:
f (x+h)—f(x)=Af (x)=Vf (x+h)=5(x+gj

Also, finite differences relate to divided differences by relations:
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1) AF(x)=Kh f[X, X0 oo X ]

2) VE(%) =K F [ X oo %]

3) 5kf(xi):k! h*f |:Xi_kg’ X; —(k—Z)g, ceer X +(k_2)n' Xi+kn}'

8.2 Newton's interpolating polynomial with finite differences

Newton's interpolating polynomial with divided difference is:
P (X)=f (%) +(x=%)) F X X ]+ (X=X ) (x=% ). (X=X 0 ) T [ %00 X0 X, ] (B.1.2)

By replacing the divided differences by the finite forward difference, we obtain Newton's

interpolating forward polynomial:

P (x)= (%) +Af (%)

(8.1.2)

0o) o ) IR, ) 0N e)

In practice, the above formula can be given another form. For this we insert the new variable g

according to the formula:

Replacing these in formula (8.1.2) we get the polynomial

q(q-1) )q(q—l)...(q—n+1)

B ()= 1 (%) + A (x,)a + 8% (x,) n

+.. AT (X
This formula is useful when the value of f is required at point near the left edge of the segment

[X%0 X, ]-

The error in this case is
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((e)
(n+1)!

An+1f (Xo) .

E,(x)=h""a(q-1)...(a—n) (n+1)!

~q(q-1)...(q—n)

If now, in the interpolation polynomial with divided differences of Newton (8.1.1) we

change the places of the nodes, taking as the first the point x, and as the last the point x, we
obtained the polynomial:

P (x)=f (%) +(x=%,) f[X0ps %, [+ (X=X, ) (X=X0) F [Xoar g X [+ +
(8.1.3)

(X=X, ) (X=Xg ) (X=%) F [Xg0 Xg, -oe X, ]

By replacing the divided differences at (8.1.3) by the finite backward difference, we obtain

Newton's interpolating backward polynomial:

R (0= ()4 91 () E 2 g (o) BXMET) g o) OO ) (X0

(8.1.4)

Using the new variable g = 2

, even formula (8.1.4) can be given an appropriate shape for

calculations:

P, (x)=f(x,)+Vf(x,)q+V*f (xn)q(i:rl)+...+vnf (Xn)q(q+1)..r.l$q+n—1).

This formula is useful when the value of f is required at point near the right edge of the segment

[X0 X, ]-

The error in this case is

V™ (X, ) .
(n+1)!

" (4)
E,(x)=h""q(q+1)...(q+n) ~q(q+1)...(q+n)

(n+1)!

Marking with x, the nodes near the middle of the segment that is near the point x, and

X=X,

q= , Stirling's interpolation polynomial is written in the form:
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2

P, ()= f(x0)+%{5f (xo+gj+5f (xo—gﬂ+%52f (%) +
+%{53f (X°+gj+53f (xo—gﬂ+

q° (q2 —1)...(q2 —(m—l)z)

(2m)!

2 2 2 2
+q (q 1)...(q m ){52m+1f(Xo+gj+52m+1f(xo_gj:|

(2m+1)12

—1)54f(x0)+...+

S (%) +

where n=2m+1.

Example 8.1.1: Let apply the Newton’s Forward difference by analytically solving a concrete
example to find the number of graduated students in 2013 in the Republic of North Macedonia.
The available data for the number of graduated students for different years from 2012 to 2018 at
higher school and faculties — first cycle of studies (undergraduate studies) is taken from the State
Statistical Office. This data is given in Table 11.

Table 11: Number of graduated students

Year 2012 2014 2016 2018
Number of graduated students(f(xi)) 10392 9863 8247 7698

Solution:

First, we will create the Forward difference table. This is given in Table 12.

Table 12: Forward difference table for the concrete problem

2012 10392 -529 -1087 2154
2014 9863 -1616 1067

2016 8247 -549

2018 7698
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Next, for h=2, and for x=2013, for q the following value is obtained:

~2013-2012
2

=0.5.

From Table 12 and Newton's Forward formula, we get

q-1)(q-2)

F(2013)= 1 (1) of (1) + 811 (xg) LIy i o) HO=DNA=2)

~10392+0,5-(-529) + w .(~1087) +

3!

0,5-(0,5-1)-(0,5-2)

3!

=10392-264,5+135,875+134,625=10398

The error will be

E(x)=a(a-1)(a-2)

Solution using Mathematica:

A*f (%)
3!

=0,5.(0,5—1)(0,5-2}%:134,625.

[2E)= gy = 2012 + 215

nodes = Table[x;, {i, @, 3}1;
fixg] = 10392;
flx] = 9863;

171= f[ua] = B247;
fx;] = 7698;

1= X = 2013;
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in[137)= af[xg] = Flx1] - Fxe];
In[i28):= AF[xy] = F[xa] - Fx1];
Inj25)= af[xa] = Fxa] - F[xa];
In[i41]= AAF[xg] = AF[x1] - &aF[xa];

In[142)= AanF[auy] = af[xma] - Af[x 13
AaAF[xg] = AAf[xy] - Aaf[xa];

In[144]:= Print["The Forward Difference table is"];

B xg Tlxg] AF[xg] aaf[xg] Asaf[xg]
wy Flxy] af[x] aaf[x] .
®; Flx,] afix] " e
3 x; -F [xll o LURTS o

1
Print[TableFor‘m[ 2 » TableHeadings - {None, { "i", “xi"}}”;

The Forward Difference table is

i g

@ 201z 1e392 529 Tes7 2154

1 2014 9863 1616 1867

2 2816 8247 549

3 2018 7698

ax(qa-1) qx (q-1) x (q-2)
In[184]:= F[Ka] + AF[Xa] xq+ AAF[Hg] x —— + Asnf[xp] % 3
21 31
gx (q-1) gx(q-1) x (q-2)
In[167]:= Print[“F:2313::",f[x@] s 8F[xp] xq s AAF[Xp] x ——— + aAaf[xp] x ]
21 31
£(2013) =16 398
AAAT[xa]
In[*7T1= g (g=1) x {(g=2) x ——;
31
anafxg]
Hfa=Pﬁwq“Em:Equ(q—l}KM—Z}x—————q
31
1877
Elx|o—
8
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Example 8.1.2: Let apply the Newton’s backward difference by analytically solving a concrete
example to find the number of graduated students in 2017 in the Republic of North Macedonia.
The available data for the number of graduated students for different years from 2012 to 2018 at
higher school and faculties — first cycle of studies (undergraduate studies) is taken from the State
Statistical Office. This data is given in Table 13.

Table 13: Number of graduated students at higher schools and faculties - first cycle of studies

Year 2012 2014 2016 2018
Number of graduated students(f(xi)) 10392 9863 8247 7698

Solution:

First, it is necessary to create the backward difference table. This is given in Table 14.

Table 14: Backward difference table for the concrete problem

2012 10392

2014 9863 -529

2016 8247 -1616 -1087

2018 7698 -549 1067 2154

Next, for h=2, and for x=2017, for q the following value is obtained:

2017-2018
==

-05.

From Table 14 and Newton's backward formula, we get

+V° f (XB)—q(q+13)!(q+2) -

q(g+1)
2!

P,(2017) = f (%) +VF (%) q+ V2 f (x;)

= 7698 +(~549)(-0.5) +1067 w .

(-0.5)(-05+1)(-0.5+2) _
3!

+2154

=7698+274.5-133.375-134.625=7704.5



The error will be

E,(x)=q(q+1)(q+ 2)V3;EX3) = (~0.5)(-0.5+1)(-0.5+2) % =-134.625.

Solution using Mathematica:
In[18]= x; = 2012 + 215
In[22]:=
nodes = Table[x;, {1, @, 3}]1;
fixs] = 10392;
fx;] = 9863;

In[z251= ] = B247;
fx;] = 7698;

In[27]= x = 2817;

=
[
L!
i
=]
1]
-

in4ei= VT[] = Fx1] - Fxe] ;5
inf#l= ¥F[xa] = Fxa] - Fx1]5
Ing0)= PF[xg] = F[xz] - F[x2];
Infs1]= ¥V [aa] = vF[aa] - vF[:1];

In[Ezl= TV F[x3] = TF 3] - 7F[x2];
TV [xa] = VVF[xa] -9V [xa];
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In[54):= Print["The Backward Difference table is™];

0 x, Flxg]
. 1 % flx) vF0x] " " . i om m .
Prlnt[Tab]eFom[ 2 x, FIx,] V0] VIFix] . » TableHeadings -+ {None, { "i", "x; }}]],

3 %y Flag] TF[x;] v9F[x;] v99F[x;]

The Backward Difference table is

i Ky

a 2812 18392

1 2814 9863 529

2 2816 3247 1616 1887

3 28138 7693 548 1867 2154

qx (q+1) qx= (q+1) = {q+2)
Inf25)= Flxa] + VF[xa]l kg Vof[3a] x——— +99vF[x3] = 3
2! 3!
ax (g+1) qx (g+1) x (q+2)
In[B8]:= Print[“P; (2017) ="y fxa] + TF[xa] xq+ V9f[xa] x ———— + 997f[x3] x ]
21! )
15489
Py[2017 =
2
TEVF[xa]
nE)= gqe (g+1) x (g+2) x——;
3!
T[]
In[62]:= Print[“E; (] ="y qx {g+1)x (qg+2)x
N
1877
Ey[x]|=-——
8
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IX Hermite interpolation

It is often necessary for the interpolation polynomial of a differentiable function to have
additional properties, for example, the values of its derivative at some points to coincide with the
values of the derivative of a given function at the same points. Such a property meets Hermit's

interpolation polynomial.

Let be given n+1 different points a=x,, X, ..., X, =b on [a, b] as well as the values of a function

f and its derivative f at these points. Determine the polynomial P, , that will meet the

n+l

conditions:

a) to be of degree <2n+1,;
b) Poa (X )=f (%) and P, (%)= (%)3i=01...,n.

The polynomial that meets these conditions is of the form:

H2n+l(x):§ f (xj)CDj (x)+JZ:; f'(xj)wj (x)

where

D, (x)= [1‘2(’(_)(1) P; (Xi )] p?(x)
and

¥ (%) =(x=x;) p; ().
Polynomials

()= (X=% ) (X=% ).e e (X=X ) (X=X 1 ). (X=X,
p; () (xj—xo)(xj—xl)...(xj—xi_l)(xj—xi+1)...(xj—xn)

are integral polynomials of the Lagrange interpolation formula.

Remember that

0 Kkuri=#j
pj(xi)_{l kur i= |

Thus, when i = j, ®;(%)=0and ¥, (x)=0, while
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@, (x)=[1-2(x—x)p'(x)]-1=1and ¥ (x)=(x-x)-1*=0.

Thus,

I
—
—_
e
~—
o
+
—
—
=
~
o
—h
—_—
X
~—~—
o
I
-
—~~
X
~

H2n+1 (Xi )

So, H,,,, matches f atpoints x,, X, ..., X,.

f(2n+2) n
The error of the Hermite interpolation polynomial is given by E, ., (x)= (ZTS') (x=x; )2 :
= i=0

Example 9.1: Construct the Hermite interpolation polynomial for the values given in the table below and

find f(2.5).

Table 15: Values of function f in example 9.1

2.2 0.5207843 -0.0014878
2.4 0.5104147 -0.1004889

2.6 0.4813306 -0.1883635

Solution:
We first compute the polynomials p, (x) of the second power that form the Lagrange interpolation

polynomial and their derivatives:

(x=x)(x=%,)  (x-2.4)(x-2.6) =x2—5x+6.24’ b, (X) = 25x— 625

pO(X):(xo—xl)(xo—xz)_(2.2—2.4)(2.2—2.6) 0.08

f— —_ —_ —_— 2_
(X=%)(x=%) _ (x-22)(x-26) _x 48x+572 b, (x) = ~50x +120

pl(x):(xi_xo)(xl—xz)_(2.4—2.2)(2.4—2.6) -0.04

56



C(x=x)(x=x)  (x=22)(x-24)  x*-46x+5.28
pz(x)_(xz—xo)(xz—xi)_(2.6—2.2)(2.6—2.4)_ 0.08

The polynomials @ ; and ‘¥ are:

x> —5x+6.24]2

Dy (%) =[1-2(x=%,) P (%) | P5 (X) = (15x - 32)( 0.08

x? —4.8Xx+5.72
X)=[1-2(x=x) p, (%) ] p? (x) [ o0 j

@ (x)=[1-2(x-%,) 5 ()] p5<x>=<40—15x>(xz_ 008
and

‘Po(x)=(x—xo)pj(x)=(x—2.2)(%} .

4 8x+5.72j2

W, (x)=(x=x) P (x) =(X—2-4)[X2 - 0.04

4 6x+5.28j2

(0= B2 )= (-2 T

From where

H (X) =0.5207843- @, (X) +0.5104147 - d, (X) +0.4813306- D, (X) -

—~0.1004889- ¥, (x)—0.1883635- ¥, (x)

and
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4 6x+5.28}2

0.0014878- W, (x)—



H (2.5) =0.5207843-0.0859375+0.5104147-0.5625 +0.4813306 - 0.3515625—0.0014878 - 0.0046875 —
—0.1004889-0.15625-0.1883635- (—0.0140625) =0.0447549007812 +0.28710826875 +

+0.1692177890625 —0.0000069740625 —0.005652500625 + 0.0026488617187 =

=0.4980703456249.

Solution using Mathematica:

0 x5 flxg] glxg] fig[2.5] psig[2.5]
D1]):= Pr‘:int[TableForm 1 %, f[x] glx] fi;[2.5] psi;[2.5] |, TableHeadings - {Nome, { "i", ™x:", "F (k) ", "F (x) "y "2 (x) ", "2y (%) "}}”j
2 x; flx] glxy] i [2.5] psi,[2.5]

i %y T (% o (x T;

i X i L

a 2.2 @.52a8784 @.eal4878 @.|8859375 8.8846875
1 2.4 @.518415 @.1ea489 @.5625 @.85625

2 2.6 8.481331 @.188364 @.351562 @.2l48625

3 3
He (2.5)= % £l 1D (%) + 0 F (% )T (%) =0.49867

i-a@ i-a@
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X Spline Interpolation

High-degree polynomials can oscillate erratically, that is, a minor fluctuation over a small
portion of the interval can induce large fluctuations over the entire range. An alternative approach
is to divide the approximation interval into a collection of subintervals and construct a (generally)
different approximating polynomial on each subinterval. This is called piecewise-polynomial

approximation [2].
The simplest piecewise-polynomial approximation is piecewise-linear interpolation, which
consists of joining a set of data points {(xi, f(xi))} fori=1, 2, ..., n, by aseries of straight lines,

as shown in Figure 5.

Figure 5: Piecewise-linear interpolation, [2]

A disadvantage of linear function approximation is that there is likely no differentiability at the
endpoints of the subintervals.

An alternative procedure is to use a piecewise polynomial of Hermite type. The problem when
using a piecewise polynomial of Hermite type lies in the necessity of knowing the derivative of the
function to be approximated. Often has data on the function but not on its derivative. This limits

the use of Hermite piecewise polynomials.

59



10.1.Cubic Splines

The most common piecewise-polynomial approximation uses cubic polynomials between

each successive pair of nodes and is called cubic spline interpolation.

Definition 10.1.1. [2] Given a function f defined on [a,b] and a set of nodes

a=X, <X <--<Xx,=b, a cubic spline interpolant S for f is a function that satisfies the

following conditions:

a)

b)

S(x) is a cubic polynomial, denoted S;(x), on the subinterval [xj, xM] for each
j=0,1, ..., n-1;
S;(x;)=f(x) and S;(x;,,)=f(xj,) foreach j=0,1 ..., n—1;

S;.1(X;.1)=5;(x,) foreach j=0,1,..., n—2; (Implied by (b).)
(X1)=S; (1) foreach j=0,1,...,n-2;
S;.1(X;.1)=5;(x;,,) foreach j=0,1,...,n-2;

One of the following sets of boundary conditions is satisfied:

i) S (%)=S (%,)=0 (natural (or free) boundary);

ii) S(x)="f(%)andS(x,)="f(x,) (clamped boundary).

Although cubic splines are defined with other boundary conditions, the conditions given in (f) are

sufficient for our purposes. When the free boundary conditions occur, the spline is called a natural

spline.

It can be proved that such a function S(x) exists and is unique. Let's show how the cubic spline

can be constructed.

Since S(x) is a cubic polynomial, for xe[x, X,,], S (x) will be linear, so using linear

interpolation we write

S (x)=S"(x )+[S" (X1)—S (X )](x—xi)/(xi+l =) Xe[X%, X.]
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By integrating this equation we get

S(x)= S'(xi)+J.S" (t)dt= S'(xi)+S"(xi)(x—xi)+[S"(xi+1)—8"(xi )]-(x—xi ) 12(X%0 %)

X

(10.1.1)

By integrating once again in [x;, x] and substituting S(x;) with f; (condition under b)) we obtain

S(x)=f,+S (%)(x=%)+S (X )(x—x )2/2+[S"(xi+l)—8"(xi )]-(x—xi ) 16(X0—%)
(10.1.2)

With this formula the spline can be calculated at any point x by knowing S'(X), S (%), S™(X,,)-

We make the following notes

péri=12,...,n-1

Substituting these into (10.1.1) and taking x = x,,, we find S;

S =(f..—f)/h-S

h/6-Sh/3 (10.1.3)

i+1

We emphasize that spline S(x) and its derivative S'(x) can be calculated if the values S; are
known for i=1, 2,...,n-1. To find these values we use together the relations (10.1.1) and

(10.1.3). First in (10.1.1) we replace i with i—1 and get x = x;. Thus we find:
S =S, +(Si+S,)h,/2 (10.1.4)

Now according to (10.1.3) we replace S, with S,_, in (10.1.4).

h/6-Sih/3=(f—f,)/h,—Sh /6-S h,/3+(S +S,)h /2.

(f..—f)/h=S

i+1
Or by grouping accordingto S.,, S, and S;,, we have

h,Sry+2(h,+h)S; +h,S, =6[(f,—f)/h—(f—f)/h, (10.1.5)
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which is a system of n—2 equations with n—2 unknown S,, S, ..., S, ,. The values of S, and

S, are determined by the condition under f) of the definition.

If we denote by d. the right hand side of the system (10.1.5) then its equations are written by:

2(h,+h,)S, +h,S, =d,
h,S, +2(h, +hy)S; +h,S, =d,
h,S;+2(hy +h,)S, +h,S; =d,

This triangular system, with the following substitutions:

aZ:Z(hlJrhz) b, =d,
8 = Z(hk—l + hk)_ hkz—l la b.=d —h.b./a.,

returns to the system

a,S, +h,S, =D,
asss + hsszll = bs
a‘n—lsr:—l = bn—l

which has a matrix with dominant diagonals, therefore there is only one solution which is given
by:

n-1- bn—l / a,

S
S, =(b —hSi..)/ 3, k=n-2,n-3,...,2

Knowing all the values of S™(x) (S, =S, =0) we find the spline and its derivative at every point

x € [a, b] with the formulas (10.1.2) and (10.1.3).
The error of the cubic spline is given by:
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\f(x)_s(x)\g%hZM, vxe[a, b]
where
h=x.,-% and M =max|f"(x)| for xe[a, b].

Example 10.1.1 [2]: Construct a natural cubic spline that passes through the points (1, 2), (2, 3),

and (3,5).

Solution:

This spline consists of two cubics. The first for the interval [1, 2] , denoted

3

So(X) =, +by (x=1)+Cy (x=1)" +d, (x—-1)’,
and the other for [2, 3], denoted

Sl(x):a1+bl(x—2)+cl(x—2)2+d1(x—2)3.

There are 8 constants to be determined, which requires 8 conditions. Four conditions come from

the fact that the splines must agree with the data at the nodes. Hence
f(l)=2=a,, f(2)=3=a,+b,+c,+d,, f(2)=3=a,
and
f(2)=5=a,+b +c +d,.
Two more come from the fact that S,(2)=S5,(2) and S,(2)=S, (2). These are
S(2)=5,(2): by +2c, +3d, =b, and S;(2) =5, (2): 2c, +6d, = 2c,

The final two come from the natural boundary conditions:
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Sy(1)=0:2¢c,=0and S,(3)=0:2c, +6d, =0.
Solving this system of equations gives the spline

3 1 5

S(x): 2+Z(X_1)+Z(X_l) , for Xe[l, 2] |
3 3 , 1 .

3+§(X—2)+Z(X—2) —Z(X—Z) , for xe[2, 3]

The graphic interpretation is given below:

Example 10.1.2 [2]: Use the data points (0, 1), (1 e), (2 €*) and (3, &°) to form a natural spline

X

S(x) that approximates f (x)=e".

Solution:

Wehave n=3, hy=h =h, =1, a, =1, a =¢, a,=¢” and a, =e*. So the matrix A and the
vectors b and x have the forms:

0

1000 ,
1 4 1 0 3(e?-2e+1 c
A= b= ( ) and x=| *
0141 3(e3 —2¢? +e) C,
0001 . c,

The vector-matrix equation Ax = b is equivalent to the system of equations
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c, =0.
Co +4¢, +¢, =3(e* —2e+1),
C, +4c, +C, =3(e° - 2¢% +e),
c,=0

This system has the solution ¢, =c, =0and to 5 decimal places,

c, =1(—e3 +66e” +9e+4)~0.75685 and c, =1(4e3 —9e” +6e—1)~5.83007.
5 5

Solving for the remaining constants gives

1 h 1
b, :h—(ai—ao)—g"(cl+2c0):(e—1)—E(—e‘°’+6e2 —~9e+4)~1.46600,

0

(a, —al)—%(cz +2¢,)=(¢? —e)—%(ZeS +3e? —12e+7) ~2.22285,

e

1 h 1
b, = h—(a3 —az)—gz(c3 +2c,)=(e° —ez)—E(8e3 —18e” +12e—2)~8.80977,

d==-(c,~-¢)= %(e3 —3e”+3e-1)~1.69107,

and

1
= @(Cs ~6)= (46’ +9¢ ~6e +1) ~ ~1.94336.

The natural cubic spine is described piecewise by:

1+1.46600x +0.25228x°, for xe[0,1],
S(x)=12.71828+2.22285(x 1) +0.75685(x —1)* +1.69107 (x—-1)’, for x e[, 2],
7.38906+8.80977 (x — 2)+5.83007(x - 2)" ~1.94336(x—2)’, for xe[2, 3].

Now, the graphic representation is given in the figure below:
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Conclusions

In this paper consisting of 10 chapters we have examined polynomial interpolation. In it we

have given the theoretical part and we have solved some very interesting examples.

First, we solved the examples analytically and then we implemented them in application software.
Specifically, the software was used: Wolfram Mathematica and Maplesoft, where we wrote down

the relevant codes and solved the examples.

From what we see we can conclude that we have obtained the same results both from the analytical
solution and through software for each example. But the software solution is obtained much faster
and with less effort and calculations. Specifically, faster solutions, as we can see, we get from
Maple software, because this software has thousands of packages and sub packages that allow us
to quickly and accurately come to the solution. Some of the sub-packages we have used are the

CurveFitting[Polynomiallnterpolation] and the Student[NumericalAnalysis].

This topic opens paths for implementing these codes in other software as well.
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