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Abstract 

 Interpolation is a very important and very useful technique in numerical analysis. The main 

task of interpolation is to replace one given function with another which is convenient and easy to 

calculate and is "quite close" to the given function. To solve this task uniquely, the function class 

in which the solution is sought is narrowed, and the class of polynomial functions is usually 

selected. To construct this interpolation polynomial, there are many procedures, and some of them 

will be examined in this paper: linear interpolation, Lagrange interpolation formula, finite 

differences, also the case of uniform nodes, Hermit interpolation and interpolation with spline 

functions where mathematical description and algorithms will be provided using Wolfram 

Mathematica and Maple software. 
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I Introduction 
 

 Interpolation is a very important and very useful technique in numerical analysis. The main 

task of interpolation is to replace one given function with another which is convenient and easy to 

calculate and is "quite close" to the given function. So, more precisely, the problem of interpolation 

is to find a simple function, in this case a polynomial of degree n  that has the same values as the 

given function in the 1n+  points of a segment  ,a b . 

To clarify it more precisely, the function ( )f x , whatever, let known its values in the points 

0 1, , , nx x x : 

  ( ) ( ) ( )0 0 1 1, , , n nf x y f x y f x y= = = ; 

requires a function ( )x  that matches ( )f x  at the given points. Geometrically, this means that a 

curve ( )y x=  passing through the points ( ) ( ) ( )0 0 1 1, , , , , ,n nx y x y x y  is required. 

 

Figure 1: Polynomial interpolation 
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Countless curves can be drawn through those points, so the task has many solutions. To solve this 

task uniquely, the function class in which the solution is sought is narrowed, and the class of 

polynomial functions is usually selected. Thus, the task is reduced to finding a polynomial ( )P x  

with degree no greater than n  such that 

   ( ) ( ) ( )0 0 1 1, , , n nP x y P x y P x y= = = . 

It is further considered that ( )P x  “represents” the function ( )f x , possibly even to the smallest 

possible segment  ,a b  containing the points 0 1, , , .nx x x  

The given points 0 1, , , nx x x  are called interpolation nodes, ( )P x  is called the interpolation 

polynomial for ( )f x , and the formulas for obtaining it- interpolation formulas. The distance 

between two adjacent nodes is called the interpolation step. If nodes 0 1, , , nx x x  are distributed 

at equal distances, then the interpolation step is constant, otherwise it is variable. 

To construct this interpolation polynomial, there are many procedures, and some of them will be 

examined in this paper: Linear interpolation, Lagrange interpolation formula, finite differences, 

also the case of equalized nodes, Hermit interpolation and interpolation with spline functions where 

mathematical description and algorithms will be provided using Wolfram Mathematica and Maple 

software. The mentioned interpolation methods will be processed with using Wolfram 

Mathematica and Maplesoft software for their presentation and comparison. There will also be a 

visual presentation of the solutions and a comparison of the solutions obtained with a 

recommendation which software to use. 
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II Wolfram Mathematica 
  

 Mathematica is the world’s only fully integrated environment for technical computing. First 

released in 1988, it has had a profound effect on the way computers are used in many technical and 

other fields [33]. 

Wolfram Mathematica (usually termed Mathematica) is a modern technical computing system 

spanning most areas of technical computing — including neural networks, machine 

learning, image processing, geometry, data science, visualizations, and others. The system is used 

in many technical, scientific, engineering, mathematical, and computing fields. It was conceived 

by Stephen Wolfram and is developed by Wolfram Research of Champaign, Illinois. The Wolfram 

Language is the programming language used in Mathematica. Wolfram Mathematica is split into 

two parts, the kernel and the front end. The kernel interprets expressions (Wolfram Language code) 

and returns result expressions, which can then be displayed by the front end [34].  

 

 

Figure 2: Wolfram, [35] 

 

Stephen Wolfram is the creator of Mathematica, and a wellknown scientist. He is widely regarded 

as the most important innovator in technical computing today, as well as one of the world’s most 

original research scientists. Born in London in 1959, he was educated at Eton, Oxford and Caltech 

[33]. 

https://en.wikipedia.org/wiki/Artificial_neural_network
https://en.wikipedia.org/wiki/Machine_learning
https://en.wikipedia.org/wiki/Machine_learning
https://en.wikipedia.org/wiki/Digital_image_processing
https://en.wikipedia.org/wiki/Geometry
https://en.wikipedia.org/wiki/Data_science
https://en.wikipedia.org/wiki/Visualization_(graphics)
https://en.wikipedia.org/wiki/Stephen_Wolfram
https://en.wikipedia.org/wiki/Wolfram_Research
https://en.wikipedia.org/wiki/Champaign,_Illinois
https://en.wikipedia.org/wiki/Wolfram_Language
https://en.wikipedia.org/wiki/Wolfram_Language
https://en.wikipedia.org/wiki/Front_and_back_ends
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Wolfram began the development of Mathematica in late 1986. The first version of Mathematica 

was released on June 23, 1988, and was immediately hailed as a major advance in computing. In 

the years that followed, the popularity of Mathematica grew rapidly, and Wolfram Research 

became established as a world leader in the software industry, widely recognized for excellence in 

both technology and business. Wolfram has been president and CEO of Wolfram Research since 

its inception, and continues to be personally responsible for the overall design of its core technology 

[33].  

 

 

III Maple 
 

 Maple is a symbolic and numeric computing environment as well as a multi-paradigm 

programming language. It covers several areas of technical computing, such as symbolic 

mathematics, numerical analysis, data processing, visualization, and others. A toolbox, MapleSim, 

adds functionality for multidomain physical modeling and code generation. Maple's capacity for 

symbolic computing include those of a general-purpose computer algebra system. For instance, it 

can manipulate mathematical expressions and find symbolic solutions to certain problems, such as 

those arising from ordinary and partial differential equations. Maple is developed commercially by 

the Canadian software company Maplesoft. The name 'Maple' is a reference to the 

software's Canadian heritage [36]. 

 

 

Figure 3: Maple Soft, [37] 

 

https://en.wikipedia.org/wiki/Symbolic_computation
https://en.wikipedia.org/wiki/Numerical_analysis
https://en.wikipedia.org/wiki/Programming_paradigm#Multi-paradigm
https://en.wikipedia.org/wiki/Programming_paradigm#Multi-paradigm
https://en.wikipedia.org/wiki/MapleSim
https://en.wikipedia.org/wiki/Computer_algebra_system
https://en.wikipedia.org/wiki/Differential_equations
https://en.wikipedia.org/wiki/Maplesoft
https://en.wikipedia.org/wiki/Flag_of_Canada
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IV Linear interpolation 

 In the case of interpolation with first degree polynomial ( )P x , it is called linear 

interpolation. So, let get the points 0x  and 1 0x x h= +  with step h  and the values of the function 

( )f x , ( )0 0y f x=  and ( )1 1y f x= . The value of ( )f x  for 
*x x= , 

*

0 1x x x   is required, i.e. for 

some arbitrary value ( )*

0 1,x x x . Let the required value be denoted by ( )* *y f x= . By using 

linear interpolation, we find that 

*

* 0 0

*

1 0 1 1

1 y x x
y

x x y x x

−
= 

− −
. 

The last formula is called the linear interpolation formula. 

 

 

Figure 4: Linear interpolation 

Example 4.1: For the data points ( )2, 3  and ( )5, 7  find ( )*y x . Then evaluate ( )* 4y . 

 Solution: From the linear interpolation formula 

*

* 0 0

*

1 0 1 1

1 y x x
y

x x y x x

−
= 

− −
, we have 

( ) ( ) ( )( ) ( )

( )

0 0*

1 11 0

3 21 1 1 1
3 5 7 2 15 3 14 7

7 55 2 3 3

1 4 1
4 1 .

3 3 3

y x x x
y x x x x x

y x x xx x

x
x

− −
=  =  =  − −  − = − − + =

− −− −

= + = +

 

Then, the geometric interpretation is given on the figure below: 
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Now we evaluate the ( )* 4 4 1 16 1 17 2
4 5

3 3 3 3 3 3
y


= + = + = = . 

 

 Solution using Maple: 

 

 and the geometric interpretation is: 
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 Solution using Mathematica: 

 

 

 

 The graphic presentation is given below: 

 

  

Example 4.2 [38]: The temeperature of a rock at 4 PM was 035 C  and at 7 PM it was 023 C . 

Using linear interpolation , find its temperature at 9 PM. 

 Solution: From the linear interpolation formula 

*

* 0 0

*

1 0 1 1

1 y x x
y

x x y x x

−
= 

− −
 and for 

0 04, 35x y= =  and 1 17, 23x y= =  we have: 
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( ) ( ) ( )( )

( ) ( )

0 0*

1 11 0

35 41 1 1
35 7 23 4

23 77 4 3

1 1
245 35 92 23 153 12 51 4

3 3

y x x x
y x x x

y x x xx x

x x x x

− −
=  =  =  − −  − =

− −− −

= − − + = − = −

 

and ( )* 51 4 .y x x= −  

 

Now we evaluate the ( )* 9 51 4 9 51 36 15y = −  = − = . 

Thus, using linear interpolation we calculate that the temperature of the rock at 9 PM is 015 C . 

 

 Solution using Maple: 

 

 

and the geometric interpretation is: 
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 Solution using Mathematica: 

 

The graphic interpretation is: 
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V Lagrange Interpolation 
 

 If greater accuracy is required, which cannot be achieved by linear interpolation, then we 

interpolate with a higher degree polynomial. Here we will derive a general formula, called the 

Lagrange interpolation formula, for finding interpolation polynomials. 

Let give a system by 1n+  nodes 0 1, , , nx x x  of the segment  ,a b  and the corresponding values 

of the function f : ( ) ( ) ( )0 0 1 1, , , n nf x y f x y f x y= = = . 

It is required to build a polynomial L that meets the conditions: 

 а) To be of degree n ; 

 b)  ( ) , 0, 1, ,n i iL x y i n= = . 

The polynomial ( )nL x  is required in the form: 

     ( ) ( )
0

n

n i i

i

L x p x y
=

=                                                              (2.1) 

where ( )ip x  are polynomials that meets the conditions: 

( )
( )

0,

1

i j

i i

p x j i

p x

 = 


=

. 

For one i  fixed, the polynomial ( )ip x  becomes zero at n  points 0 1 1 1, , , , , ,i i nx x x x x− + . So 

those are its roots and we can write: 

( ) ( )( ) ( )( ) ( )0 1 1 1i i i i np x c x x x x x x x x x x− += − − − − − . 

By using the condition ( ) 1i ip x = , we find 

( )( ) ( )( ) ( )0 1 1 1

1
i

i i i i i i i n

c
x x x x x x x x x x− +

=
− − − − −

. 

Let now find that ( )nL x  is interpolating polynomial. Really, first his degree does not exceed n  

and further 
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( ) ( ) ( )
0

n

n j i j i j j j j

i

L x p x y p x y y
=

= = = . 

By replacing at (2.1) ( )ip x  by its expression we obtain 

( )
( )( ) ( )( ) ( )

( )( ) ( )( ) ( )
0 1 1 1

0 0 1 1 1

n
i i n

n i

i i i i i i i i n

x x x x x x x x x x
L x y

x x x x x x x x x x

− +

= − +

− − − − −
=

− − − − −
  

called the Lagrange form for the interpolating polynomial or the Lagrange interpolating 

polynomial. 

Let show now the uniqueness. Suppose that besides the polynomial ( )nL x  there is another 

polynomial ( )nQ x  of degree n , such that ( )n i iQ x y= , 0, 1, ,i n= . In this case the polynomial 

( ) ( ) ( )n nR x L x Q x= −  of degree n would have 1n+  roots, which only happens when ( ) 0R x  , 

that is, when ( )nL x  and ( )nQ x  are identical. So ( )nL x  is unique. An important corollary of the 

uniqueness of the interpolating polynomial is: for a given node system, each method builds the 

same interpolating polynomial. 

Notice that for 1n =  (i.e. 0 1,x a x b= = ) we obtained  

( ) 0 1

x b x a
P x y y

a b b a

− −
= +

− −
, 

and that is the formula for linear interpolation. For 2n =  (i.e. 0 1 2, ,x a x b x c= = = ) we obtained 

( )
( )( )

( )( )

( )( )

( )( )

( )( )

( )( )
2 0 1 2

x b x c x a x c x a x b
P x y y y

a b a c b a b c c a c b

− − − − − −
= + +

− − − − − −
, 

which is a formula for quadratic interpolation. 
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Example 5.1: Build the Lagrange interpolation polynomial for the given function f  in the table 1.  

Table 1: Values of function f in example 5.1 

i  0 1 2 3 

ix  0 0.1 0.3 0.5 

iy  -0.5 0 0.2 1 

 

 Solution: Since we have four points, the degree of the polynomial will be 3, so 

( ) ( )
3

3

0

i i

i

L x l x y
=

= . First we calculate the polynomials il : 

( )
( )( )( )

( )( )( )

3 2

0

0.1 0.3 0.5 0.9 0.23 0.015

0.1 0.3 0.5 0.015

x x x x x x
l x

− − − − + −
= = −

− − −
. 

( )1l x  does not count because it is multiplied by zero. 

( )
( )( )

( )

3 2

2

0.1 0.5 0.6 0.05

0.3 0.2 0.2 0.012

x x x x x x
l x

− − − +
= = −

 −
. 

( )
( )( ) 3 2

3

0.1 0.3 0.4 0.03

0.5 0.4 0.2 0.04

x x x x x x
l x

− − − +
= =

 
. 

By replacing the polynomials found in ( )3L x , it is obtained: 

( ) ( ) ( ) ( ) ( ) 3 2

3 0 0 1 1 2 2 3 3

125 91
30 0.5

3 12
L x l x y l x y l x y l x y x x x= + + + = − + − . 

The graphic representation is given in the figure below: 
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 Solution using Maple: 

 

 and the graphic interpretation is: 
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 Solution using Mathematica: 

 

 

 

 The graphic presentation is: 
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Example 5.2: Le be given ( )
4 7

2

x
f x

x

−
=

−
 and points 0 1 21.7, 1.8, 1.9x x x= = =  and 3 2.1x = . 

Approximate ( )2.0f  using all four points. 

 Solution: Since we have four points, the degree of the polynomial will be 3, so 

( ) ( )
3

3

0

.i i

i

L x l x y
=

= First we calculate the polynomials il : 

( )
( )( )( )

( )( )( )

3 2

0

1.8 1.9 2.1 5.8 11.19 7.182

0.1 0.2 0.4 0.008

x x x x x x
l x

− − − − + −
= = −

− − −
. 

( )
( )( )( )

( )( )( )

3 2

1

1.7 1.9 2.1 5.7 10.79 6.783

0.1 0.1 0.3 0.003

x x x x x x
l x

− − − − + −
= =

− −
. 

( )
( )( )( )

( ) ( ) ( )

3 2

2

1.7 1.8 2.1 5.6 10.41 6.426

0.2 0.1 0.2 0.004

x x x x x x
l x

− − − − + −
= = −

  −
. 

( )
( )( )( )

( ) ( ) ( )

3 2

3

1.7 1.8 1.9 5.4 9.71 5.814

0.4 0.3 0.2 0.024

x x x x x x
l x

− − − − + −
= =

 
. 

By replacing the polynomials found in ( )3L x , it is obtained: 

( ) ( ) ( ) ( ) ( )

( )( ) ( )

( )

( ) ( )

3 0 0 1 1 2 2 3 3

3 2 3 2

3 2 3 2

3 2
3 2

5.8 11.19 7.182 5.7 10.79 6.783
0. 6 1

0.008 0.003

5.6 10.41 6.426 5.4 9.71 5.814
6 14

0.004 0.024

5.7 10.79 6.78
83. 3 5.8 11.19 7.182

L x l x y l x y l x y l x y

x x x x x x

x x x x x x

x x x
x x x

= + + + =

− + − − + −
= −  +  − −

− + − − + −
−  − +  =

− + −
= −  − + − −

( ) ( ) ( )3 2 3 2

3

0.003

1500 5.6 10.41 6.426 583. 3 5.4 9.71 5.814 .x x x x x x

+

+ − + − +  − + −

. 

Then, we have: 

( )3 2.0 4.3333336L = − . 
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 Solution using Maple: 

 

 

 and the graphic presentation is: 
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 Solution using Mathematica: 

 

 

 

 The graphic representation is given in the figure below: 
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VI Aitken interpolation procedure 
 

 The Lagrange method of computing polynomial interpolation is sufficiently general, but 

large-scale computations make it quite inconvenient especially when looking for a function value 

for only one value of the argument. Therefore, other rules are developed, which allow to find the 

required value of the interpolation polynomial without calculating its coefficients. Such an 

opportunity provides the so-called Aitken's procedure, in which the interpolation polynomial is 

constructed inductively. 

Let be given the interpolation nodes 0 1, , , nx x x  and the corresponding values of the function    

:f ( ) ( ) ( )0 0 1 1, , , n nf x y f x y f x y= = = . It is required to construct the interpolating polynomial 

( )P x  of power n  for these data. 

We first form the linear expression: 

( )
( ) ( )1 1

, 1

1 11 1

1 i ii i i i

i i

i ii i i i

y x xy x x y x x
P x

y x xx x x x

+ +

+

+ ++ +

−− − −
= =

−− −
. 

It is clear that ( ), 1i i j jP x y+ =  for 0, 1, ,j n=  and 0, 1, , 1i n= − .  

Further we form the polynomial of the second degree: 

( )
( )( ) ( )( ) ( )

( )
, 1 2 1, 2 , 1

, 1, 2

1, 2 22 2

1i i i i i i i i i

i i i

i i ii i i i

P x x x P x x x P x x x
P x

P x x xx x x x

+ + + + +

+ +

+ + ++ +

− − − −
= =

−− −
. 

Notice that 

( ), 1, 2i i i j jP x y+ + =  for 0, 1, ,j n=  and 0, 1, , 2i n= − . 

Finally, it can be proved without difficulty that, if the polynomial of degree n  is constructed: 

( )
( )( ) ( )( ) ( )

( )
0, 1, , 1 1, 2, , 0 0, 1, 2, , 1 0

0, 1, 2, ,

1, 2, ,0 0

1n n n n

n

n nn n

P x x x P x x x P x x x
P x

P x x xx x x x

− −− − − −
= =

−− −
 

then ( )0,1, 2, , n j jP x y=  for 0, 1, ,j n= . 

The process can be stopped without reaching polynomial of degree n , if ( )0, 1, 2, , kP x  and 

( )0, 1, 2, , , 1k kP x+  for 1k n − , match as many digits as the required value must have. 
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One problem that arises in this algorithm is the use of many indices in the interpolating polynomials 

of different degrees. To avoid this, Aitken's algorithm can be given a new approach using another 

layout. So, we denote the polynomials of zero degree 

( ), 0i iP f x=  for 0, 1, ,i n= , 

and by recursive formula: 

( )
( )( ) ( ) ,, ,

, 1

,

1 k k kk k i i k k

i k

i k ii k i k

P x xP x x x P x x
P x

P x xx x x x
+

−− − −
= =

−− −
 

construct the polynomials of degree 1k + , recognizing those of degree k . 

Using the above formula for 1, ,i k n= + , we obtain ( ),n nP x  which is the required interpolation 

polynomial. The polynomials obtained from the above recursive formulas are presented in the table 

below: 

Table 2: Neville's method, [4] 

\ix k  0  1 2   i  n  ix x−  

0x  0 0, 0y P=       0x x−  

1x  1 1, 0y P=  
1,1P      1x x−  

2x  2 2, 0y P=  2, 1P  2, 2P     2x x−  

        

ix  , 0i iy P=  
, 1iP  , 2iP   ,i iP   ix x−  

        

nx  , 0n ny P=  , 1nP  , 2nP   ,n iP  ,n nP  
nx x−  

 

 

This modified Aitken algorithm is also called the Neville algorithm and derives from it by 

substituting, for , 1, ,i k k n= +  simply , 0, 1, 2, , 1,i k k iP P −= . 
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Example 6.1: [2] Apply Neville’s method at 1.5x =  and the data below: 

Table 3: Datas for function f in example 6.1 

x  ( )f x  

1.0 0.7651977 

1.3 0.6200560 

1.6 0.4554022 

1.9 0.2818186 

2.2 0.1103623 

 

 Solution: Let 0 1 2 3 41.0, 1.3, 1.6, 1.9, and 2.2x x x x x= = = = = , then  

( ) ( ) ( ) ( ) ( )0,0 1,0 2,0 3,0 4,01.0 , 1.3 , 1.6 , 1.9 , 2.2P f P f P f P f P f= = = = = . Now let calculate: 

 

( ) 0 0

1,1

1 11 0

0.7651977 1.0 1.5 0.7651977 0.51 1 1
1.5

0.6200860 1.3 1.5 0.6200860 0.21.3 1.0 0.3

3.33333333 0.15700346 0.5233449.

y x x
P

y x xx x

− − −
= = = =

− − −− −

=  

 

 

( ) 1 1

2,1

2 22 1

0.6200860 1.3 1.5 0.6200860 0.21 1 1
1.5

0.4554022 1.6 1.5 0.4554022 0.11.6 1.3 0.3

3.33333333 0.15308904 0.5102968.

y x x
P

y x xx x

− − −
= = = =

− −− −

=  

 

 

Similar we have: ( ) ( ) ( )3,1 4,1 2,21.5 0.5132634, 1.5 0.5104270, 1.5 0.5124715,P P P= = =  

 

( ) ( ) ( ) ( )3,2 4,2 3,3 3,41.5 0.5112857, 1.5 0.5137361, 1.5 0.5118127, 1.5 0.5118302,P P P P= = = =  and 

( )4,4 1.5 0.5118200P = . 

 

So, from the above data we have the table: 
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Table 4: Neville’s table for the concrete problem 

\ix k  0  1 2  3  4  

1.0 0, 0 0.7651977P =      

1.3 1, 0 0.6200860P =  1, 1 0.5233449P =     

1.6 2, 0 0.4554022P =  
2,1 0.5102968P =  

2, 2 0.5124715P =    

1.9 3, 0 0.2818186P =  3,1 0.5132634P =  3, 2 0.5112857P =  3, 3 0.5118127P =   

2.2 4, 0 0.1103623P =  
4,1 0.5104270P =  

4, 2 0.5137361P =  
3, 4 0.5118302P =  4, 4 0.5118200P =  

  

 Solution using Maple: 
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 Solution using Mathematica: 
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Example 6.2: Using the Neville scheme, find 3 1.15  when the table is given: 

Table 5: Datas for function 
3f x=  at given points 

i  0 1 2 3 4 

ix  1.0 1.1 1.3 1.5 1.6 

iy  1.000 1.032 1.091 1.145 1.170 

 

Solution: Let 0 1 2 3 41.0, 1.1, 1.3, 1.5, and 1.6x x x x x= = = = = , then  

( ) ( ) ( ) ( ) ( )0,0 1,0 2,0 3,0 4,01.0 , 1.1 , 1.3 , 1.5 , 1.6P f P f P f P f P f= = = = = .  

Now let calculate: 

 

( ) 0 0

1,1

1 11 0

1.000 1.0 1.15 1.000 0.151 1 1
1.15 10 0.1048 1.048.

1.032 1.1 1.15 1.032 0.051.1 1.0 0.1

y x x
P

y x xx x

− − −
= = = =  =

− − −− −
 

 

( ) 1 1

2,1

2 22 1

1.032 1.1 1.15 1.032 0.051 1 1
1.15 5 0.20935 1.04675.

1.091 1.3 1.15 1.091 0.151.3 1.1 0.2

y x x
P

y x xx x

− − −
= = = =  =

− −− −
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Similar we have: ( ) ( ) ( )3,1 4,1 2,21.15 1.0505, 1.15 1.0575, 1.15 1.04738,P P P= = =  

 

( ) ( ) ( ) ( )3,2 4,2 3,3 3,41.15 1.04722, 1.15 1.047, 1.15 1.04733, 1.15 1.0472,P P P P= = = =  and 

( )4,4 1.15 1.0473P = . 

 

So, from the above data we have the table: 

Table 6: Neville’s table for the concrete problem 

\ix k  0  1 2  3  4  

1.0 0, 0 1.000P =      

1.1 1, 0 1.032P =  1, 1 1.048P =     

1.3 2, 0 1.091P =  2, 1 1.04675P =  2, 2 1.04738P =    

1.5 3, 0 1.145P =  3, 1 1.0505P =  3, 2 1.04722P =  3, 3 1.04733P =   

1.6 4, 0 1.170P =  4, 1 1.0575P =  4, 2 1.047P =  
3, 4 1.0472P =  4, 4 1.0473P =  

  

 

 Solution using Maple: 
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 Solution using Mathematica: 
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32 
 

VII Interpolation by Divided Differences 
 

 The Lagrange interpolation polynomial is only suitable for theoretical studies, such as 

when examining the problem of constructing quadratic formulas, but when it needs to be 

practically applied its form is not appropriate, due to the many procedures that need to be done. 

The use of divided differences gives a better opportunity, in cases where the nodes are 

arbitrary.[4] 

 

7.1  Divided Differences 

Let be given the points 0 1, , , nx x x  and the function f  in  0 , nx x . 

Definition 7.1.1. [2] First divided difference of a function f  with respect to ix  and 1ix + denoted  

 1,i if x x + , is defined as: 

 
( ) ( )1

1

1

,
i i

i i

i i

f x f x
f x x

x x

+

+

+

−
=

−
. 

Definition 7.1.2. [2] Second divided difference of a function f  with respect to 1 2, ,i i ix x x+ +  

denoted  1 2, ,i i if x x x+ + , is defined as: 

 
   1 2 1

1 2

2

, ,
, ,

i i i i

i i i

i i

f x x f x x
f x x x

x x

+ + +

+ +

+

−
=

−
. 

Definition 7.1.3. [2] n - divided difference for a function f  about the points 0 1, , , nx x x  denoted 

by  0 1, , , nf x x x  is called the expression: 

 
   1 2 0 1 1

0 1

0

, , , , , ,
, , ,

n n

n

n

f x x x f x x x
f x x x

x x

−−
=

−
. 

For solving exercises often, it helps building the table for divided differences: 
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Table 7: Divided Diference, [4] 

ix  ( )if x  ,i jf x x    , ,i j kf x x x      0 1, , , nf x x x  

0x  ( )0f x      

   0 1,f x x     

1x  ( )1f x    0 1 2, ,f x x x    

   1 2,f x x     

2x  ( )2f x      

      0 1, , , nf x x x  

2nx −  ( )2nf x −      

   2 1,n nf x x− −     

1nx −  ( )1nf x −    2 1, ,n n nf x x x− −    

   1 ,n nf x x−     

nx  ( )nf x      
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7.2  Newton's interpolating polynomial 

 

 By the definition of divided differences, we have: 

( ) ( ) ( )  0 0 1,f x f x x x f x x= + −  

    ( )  0 0 1 1 0 1, , , ,f x x f x x x x f x x x= + −  

… 

  ( )0, 1 1 0 1 2 0, 1, , , , , , , , , ,n n n nf x x x x f x x x x x x f x x x x−
   = + −     

By replacing step by step, we have: 

( ) ( ) ( )   ( )( )  

( )( ) ( )     ( )

0 0 0 1 0 1 0 1 2

0 1 1 0 1 0 1

0

, , ,

, , , , , , ,
n

n n n i

i

f x f x x x f x x x x x x f x x x

x x x x x x f x x x f x x x x x x−

=

= + − + − − + +

+ − − − + −
 

or 

( ) ( ) ( )f x P x E x= +  

where 

( ) ( ) ( )   ( )( ) ( )  0 0 0 1 0 1 1 0 1, , , ,n nP x f x x x f x x x x x x x x f x x x−= + − + + − − −  

is called Newton's interpolating polynomial with divided difference 

and  

( )   ( )0 1

0

, , , ,
n

n i

i

E x f x x x x x x
=

= −  

gives the truncation error. 
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Example 7.1.1: [2] Complete the divided difference table for the data used in Example 6.1 of 

Section 6, and construct the interpolating polynomial that uses all this data. 

 Solution: 

First, we construct the table of divided differences.  

 

First divided differences are: 

 
( ) ( )1 0

0 1

1 0

0.6200560 0.7651977 0.1451417
, 0.483805666666

1.3 1.0 0.3

f x f x
f x x

x x

− − −
= = = = −

− −
, 

  
( ) ( )2 1

1 2

2 1

0.4554022 0.6200560 0.1646538
, 0.548846

1.6 1.3 0.3

f x f x
f x x

x x

− − −
= = = = −

− −
, 

 
( ) ( )3 2

2 3

3 2

0.2818186 0.4554022 0.1735836
, 0.578612

1.9 1.6 0.3

f x f x
f x x

x x

− − −
= = = = −

− −
, 

 
( ) ( )4 3

3 4

4 3

0.1103623 0.2818186 0.1714563
, 0.571521

1.9 2.2 0.3

f x f x
f x x

x x

− − −
= = = = −

− −
. 

Second divided differences are: 

 
   1 2 0 1

0 1 2

2 0

, , 0.548846 0.483805666666
, , 0.108400555556

1.6 1.0

f x x f x x
f x x x

x x

− − +
= = = −

− −
, 

 
   2 3 1 2

1 2 3

3 1

, , 0.578612 0.548846
, , 0.04961

1.9 1.3

f x x f x x
f x x x

x x

− − +
= = = −

− −
, 

 
   3 4 2 3

2 3 4

4 2

, , 0.571521 0.578612
, , 0.0118183333333

2.2 1.6

f x x f x x
f x x x

x x

− − +
= = =

− −
, 

Third divided differences are: 

 
   1 2 3 0 1 2

0 1 2 3

3 0

, , , , 0.04961 0.108400555556
, , , 0.0653228395066,

1.9 1.0

f x x x f x x x
f x x x x

x x

− − +
= = =

− −
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 
   2 3 4 1 2 3

1 2 3 4

4 1

, , , , 0.0118183333333 0.04961
, , , 0.0682537037033,

2.2 1.3

f x x x f x x x
f x x x x

x x

− +
= = =

− −
 

and the fourth divided difference is: 

 
   1 2 3 4 0 1 2 3

0 1 2 3 4

4 0

, , , , , ,
, , , , 0.0024423868305.

f x x x x f x x x x
f x x x x x

x x

−
= =

−
 

Thus using the values found above we construct the Newton interpolation polynomial with 

divided differences: 

( ) ( ) ( )   ( )( )   ( )( )( )  

( )( )( )( )   ( )

( )( ) ( )( )( )

4 0 0 0 1 0 1 0 1 2 0 1 2 0 1 2 3

0 1 2 3 0 1 2 3 4

, , , , , ,

, , , , 0.7651977 0.483805666666 1.0

0.108400555556 1.0 1.3 0.0653228395066 1.0 1.3 1.6

0.0024423868305

P x f x x x f x x x x x x f x x x x x x x x x f x x x x

x x x x x x x x f x x x x x x

x x x x x

x

= + − + − − + − − − +

+ − − − − = − − −

− − − + − − − +

+ −( )( )( )( )1.0 1.3 1.6 1.9 .x x x− − −

 

Then 

( ) ( )41.5 1.5 0.511811352263656f P = . 
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 Solution using Maple: 
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 Solution using Mathematica: 
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Example 7.1.2: For data’s given in table: 

Table 8: Datas for function f in example 7.1.2 

i  0 1 2 3 

ix  0 1 2 4 

( )if x  1 1 2 5 

 

a) Calculate the divided differences for ( )f x ; 

b) Construct the interpolation polynomial of degree 3 with divided differences; 

c) Using divided differences calculate ( )3f . 

 Solution: 

First, we construct the table of divided differences.  

First divided differences are: 
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 
( ) ( )1 0

0 1

1 0

1 1
, 0

1 0

f x f x
f x x

x x

− −
= = =

− −
, 

  
( ) ( )2 1

1 2

2 1

2 1
, 1

2 1

f x f x
f x x

x x

− −
= = =

− −
, 

 
( ) ( )3 2

2 3

3 2

5 2 3
,

4 2 2

f x f x
f x x

x x

− −
= = =

− −
. 

Second divided differences are: 

 
   1 2 0 1

0 1 2

2 0

, , 1 0 1
, ,

2 0 2

f x x f x x
f x x x

x x

− −
= = =

− −
, 

 
   2 3 1 2

1 2 3

3 1

3
1, , 12, ,

4 1 6

f x x f x x
f x x x

x x

−−
= = =

− −
. 

Third divided difference is: 

 
   1 2 3 0 1 2

0 1 2 3

3 0

1 1
, , , , 16 2, , ,

4 0 12

f x x x f x x x
f x x x x

x x

−−
= = = −

− −
. 

Thus using the values found above we construct the Newton interpolation polynomial with 

divided differences: 

( ) ( ) ( )   ( )( )  

( )( )( )  

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

4 0 0 0 1 0 1 0 1 2

0 1 2 0 1 2 3

3 2

, , ,

, , ,

1 1
1 0 0 0 1 0 1 2

2 3

1 1
1 1 1 2

2 12

1 3 2
1.

12 4 3

P x f x x x f x x x x x x f x x x

x x x x x x f x x x x

x x x x x x

x x x x x

x x x

= + − + − − +

+ − − − =

= +  − +  −  − −  −  −  − =

= +   − −   −  − =

= − + − +
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The graphic representation is given in the figure below: 

 

 

Then, 

( ) ( )3

7
3 3

2
f P = . 

 

 Solution using Maple: 

 



42 
 

 

 

 Solution using Mathematica: 
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From what we calculated above it can be concluded that both analytically and through Wolfram 

Mathematica and Maple software the same divided differences for ( )f x  are obtained and the same 

interpolation polynomial of the 3rd degree with divided differences is constructed as well as the 

value ( )3f  is the same in all three cases. Also, the graphic presentation is the same in all three 

cases. 

In this example, the Maple software for task solving uses the Student[NumericalAnalysis] sub 

package, which briefly and clearly provides the required solution, which is another advantage of 
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this software. Whereas in the Mathematica software we generated the code ourselves which took 

us more time, but we still got the same result as with Maple and the analytical solution. 

 

 

VIII Case of equidistant nodes 
  

8.1  Finite Differences 

 

 Let be given the points 0 1 2, , , , nx x x x  and the function f  on  0 , nx x . 

Suppose now that the points 0 1 2, , , , nx x x x  are equidistant, i.e. 1i ix x h+ − =  for 

0, 1, 2, , 1i n= − . 

Definition 8.1.1. [4] The finite first order forward difference for the function f  in relation to x  

(or ix ) is called the expression  

( ) ( ) ( )f x f x t f x = + −  or ( ) ( ) ( )1i i if x f x f x+ = −  

and the 
thk  order forward difference is defined as  

( ) ( )( )1k kf x f x− =    or ( ) ( )( )1k k

i if x f x− =   . 

 

These differences are often presented in a tabular format as in Table 9.  

 
Table 9: The finite forward difference [4]. 

ix  ( )if x  ( )if x  ( )2

if x   ( )n

if x  

0x  ( )0f x  ( )0f x  ( )2

0f x   ( )0

n f x  

1x  ( )1f x  ( )1f x  ( )2

1f x    

      

1nx −  ( )1nf x −  ( )1nf x −     

nx  ( )nf x      

 



46 
 

Definition 8.1.2. [4] The finite first order backward difference for the function f  in relation to x  

(or ix ) is called the expression  

( ) ( ) ( )f x f x f x t = − −  or ( ) ( ) ( )1i i if x f x f x − = −  

and the 
thk  order backward difference is defined as  

( ) ( )( )1k kf x f x− =   or ( ) ( )( )1k k

i if x f x− =  . 

These differences are often presented in a tabular format as in Table 10.  

 

 
Table 10: The finite backward difference [4] 

ix  ( )if x  ( )if x  ( )2

if x   ( )n

if x  

0x  ( )0f x      

1x  ( )1f x  ( )1f x     

      

1nx −  ( )1nf x −  ( )1nf x −  ( )2

1nf x −    

nx  ( )nf x  ( )nf x  ( )2

nf x   ( )n

nf x  

 

Definition 8.1.3. [4] The finite first order central difference for the function f  in relation to x  (or 

ix ) is called the expression  

( )
2 2

h h
f x f x f x

   
= + − −   

   
 or ( ) 1 1

2 2

i
i i

f x f x f x
+ −

   
= −   

   
 

and the 
thk  order central difference is defined as  

( ) ( )( )1k kf x f x   −=  or ( ) ( )( )1k k

i if x f x   −= . 

 

 The above meanings are not independent of each other. The following relations are true: 

( ) ( ) ( ) ( )
2

h
f x h f x f x f x h x

 
+ − =  =  + = + 

 
 

Also, finite differences relate to divided differences by relations: 
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1) ( )  1! , , ,k k

i i i i kf x k h f x x x+ + =  

2) ( )  1! , , ,k k

i i k i k if x k h f x x x− − + =  

3) ( ) ( ) ( )! , 2 , , 2 ,
2 2 2 2

k k

i i i i i

h h h h
f x k h f x k x k x k x k

 
= − − − + − + 

 
. 

 

 

 

8.2  Newton's interpolating polynomial with finite differences 

 

 Newton's interpolating polynomial with divided difference is: 

( ) ( ) ( )   ( )( ) ( )  0 0 0 1 0 1 1 0 1, , , ,n n nP x f x x x f x x x x x x x x f x x x−= + − + + − − −        (8.1.1) 

By replacing the divided differences by the finite forward difference, we obtain Newton's 

interpolating forward polynomial: 

( ) ( ) ( )
( )

( )
( )( )

( )
( )( ) ( )0 0 1 0 1 12

0 0 0 022! !

nn

n n

x x x x x x x x x x x x
P x f x f x f x f x

h h n h

−− − − − − −
= +  + + +  

(8.1.2) 

In practice, the above formula can be given another form. For this we insert the new variable q 

according to the formula: 

0x x
q

h

−
= . 

Replacing these in formula (8.1.2) we get the polynomial 

 ( ) ( ) ( ) ( )
( )

( )
( ) ( )2

0 0 0 0

1 1 1

2! !

n

n

q q q q q n
P x f x f x q f x f x

n

− − − +
= +  + + +  

This formula is useful when the value of f  is required at point near the left edge of the segment 

 0 , nx x . 

 

The error in this case is 
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  ( ) ( ) ( )
( ) ( )

( )
( ) ( )

( )

( )

1 1

01 1 1
1 ! 1 !

n n

n

n

f f x
E x h q q q n q q q n

n n


+ +

+


= − −  − −
+ +

. 

 If now, in the interpolation polynomial with divided differences of Newton (8.1.1) we 

change the places of the nodes, taking as the first the point nx  and as the last the point 0x  we 

obtained the polynomial: 

 

( ) ( ) ( )   ( )( )  

( )( ) ( )  

1 1 2 1

1 1 0 1

, , ,

, , ,

n n n n n n n n n n

n n n

P x f x x x f x x x x x x f x x x

x x x x x x f x x x

− − − −

−

= + − + − − + +

+ − − −

        (8.1.3) 

By replacing the divided differences at (8.1.3) by the finite backward difference, we obtain 

Newton's interpolating backward polynomial: 

( ) ( ) ( )
( )

( )
( )( )

( )
( )( ) ( )1 1 12

22! !

n n n n nn

n n n n n n

x x x x x x x x x x x x
P x f x f x f x f x

h h n h

− −− − − − − −
= + + + +  

(8.1.4) 

Using the new variable nx x
q

h

−
= , even formula (8.1.4) can be given an appropriate shape for 

calculations: 

 ( ) ( ) ( ) ( )
( )

( )
( ) ( )2

1 1 1

2! !

n

n n n n n

q q q q q n
P x f x f x q f x f x

n

+ + + −
= + + + + . 

This formula is useful when the value of f  is required at point near the right edge of the segment 

 0 , nx x . 

 

The error in this case is 

  ( ) ( ) ( )
( ) ( )

( )
( ) ( )

( )

( )

1 1

1 1 1
1 ! 1 !

n n

nn

n

f f x
E x h q q q n q q q n

n n


+ +

+


= + +  + +
+ +

. 

Marking with 0x  the nodes near the middle of the segment that is near the point x , and 

0x x
q

h

−
= , Stirling's interpolation polynomial is written in the form: 
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( ) ( ) ( )

( )

( )
( )

( ) ( )( )
( )

( )

( ) ( )
( )

2
2

0 0 0 0

2

3 3

0 0

22 2 22 2

4 2

0 0

2 2 2 2

2 1 2 1

0 0

2 2 2 2!

1

3!2 2 2

1 11

4! 2 !

1

2 1 !2 2 2

n

m

m m

q h h q
P x f x f x f x f x

q q h h
f x f x

q q q mq q
f x f x

m

q q q m h h
f x f x

m

  

 

 

 + +

    
= + + + − + +    

    

−     
+ + + − +    

    

− − −−
+ + + +

− −     
+ + + −    

+     

 

where 2 1n m= + . 

Example 8.1.1: Let apply the Newton’s Forward difference by analytically solving a concrete 

example to find the number of graduated students in 2013 in the Republic of North Macedonia. 

The available data for the number of graduated students for different years from 2012 to 2018 at 

higher school and faculties – first cycle of studies (undergraduate studies) is taken from the State 

Statistical Office. This data is given in Table 11.  

 

 
Table 11: Number of graduated students 

Year ( )ix  2012 2014 2016 2018 

Number of graduated students ( )( )if x  10392 9863 8247 7698 

 

 Solution: 

First, we will create the Forward difference table. This is given in Table 12.  
 

 
 

Table 12: Forward difference table for the concrete problem 

ix  ( )if x  ( )if x  ( )2

if x  ( )3

if x  

2012 10392 -529 -1087 2154 

2014 9863 -1616 1067  

2016 8247 -549   

2018 7698    
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Next, for 2h = , and for 2013x = , for q  the following value is obtained:  

2013 2012
0.5

2
q

−
= = . 

 

From Table 12 and Newton's Forward formula, we get 
 

( ) ( ) ( ) ( )
( )

( )
( )( )2 3

0 0 0 0

1 1 2
2013

2! 3!

0,5 (0,5 1) 0,5 (0,5 1) (0,5 2)
10392 0,5 ( 529) ( 1087) 2154

2! 3!

10392 264,5 135,875 134,625 10398

q q q q q
f f x f x q f x f x

− − −
 +  +  +  =

 −  −  −
= +  − +  − +  =

= − + + =

 

The error will be 
       

( ) ( )( )
( )3

0 2154
1 2 0,5 (0,5 1) (0,5 2) 134,625

3! 3!

f x
E x q q q


= − − =  −  −  = . 

 

Solution using Mathematica: 
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Example 8.1.2: Let apply the Newton’s backward difference by analytically solving a concrete 

example to find the number of graduated students in 2017 in the Republic of North Macedonia. 

The available data for the number of graduated students for different years from 2012 to 2018 at 

higher school and faculties – first cycle of studies (undergraduate studies) is taken from the State 

Statistical Office. This data is given in Table 13.  

 
Table 13: Number of graduated students at higher schools and faculties - first cycle of studies 

Year ( )ix  2012 2014 2016 2018 

Number of graduated students ( )( )if x  10392 9863 8247 7698 

         

 Solution: 

 

First, it is necessary to create the backward difference table. This is given in Table 14.  

 

 
Table 14: Backward difference table for the concrete problem 

ix  ( )if x  ( )if x  ( )2

if x  ( )3

if x  

2012 10392    

2014 9863 -529   

2016 8247 -1616 -1087  

2018 7698 -549 1067 2154 

    

Next, for 2h = , and for 2017x = , for q  the following value is obtained:  

2017 2018
0.5

2
q

−
= = − . 

 

From Table 14 and Newton's backward formula, we get 

 

( ) ( ) ( ) ( )
( )

( )
( )( )2 3

3 3 3 3 3

1 1 2
2017

2! 3!

( 0.5)( 0.5 1)
7698 ( 549)( 0.5) 1067

2!

( 0.5)( 0.5 1)( 0.5 2)
2154

3!

7698 274.5 133.375 134.625 7704.5

q q q q q
P f x f x q f x f x

+ + +
= + + + =

− − +
= + − − + +

− − + − +
+ =

= + − − =
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The error will be 

       

( ) ( )( )
( )3

3

3

2154
1 2 ( 0.5)( 0.5 1)( 0.5 2) 134.625

3! 3!

f x
E x q q q


= + + = − − + − + = − . 

 

 Solution using Mathematica: 
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IX Hermite interpolation 
 

 It is often necessary for the interpolation polynomial of a differentiable function to have 

additional properties, for example, the values of its derivative at some points to coincide with the 

values of the derivative of a given function at the same points. Such a property meets Hermit's 

interpolation polynomial. 

Let be given 1n+  different points 0 1, , , na x x x b= =  on  ,a b  as well as the values of a function 

f  and its derivative 
'f  at these points. Determine the polynomial 2 1nP +  that will meet the 

conditions: 

  а) to be of degree 2 1n + ; 

  b) ( ) ( )2 1n i iP x f x+ =  and ( ) ( )' '

2 1n i iP x f x+ =  за 0, 1, ,i n= . 

The polynomial that meets these conditions is of the form: 

( ) ( ) ( ) ( ) ( )'

2 1

0 0

n n

n j j j j

j j

H x f x x f x x+

= =

=  +   

where 

 ( ) ( ) ( ) ( )' 21 2j j j j jx x x p x p x  = − −
 

 

and 

 ( ) ( ) ( )2

j j jx x x p x = − . 

Polynomials  

  ( )
( )( ) ( )( ) ( )

( )( ) ( )( ) ( )
0 1 1 1

0 1 1 1

i i n

j

j j j i j i j n

x x x x x x x x x x
p x

x x x x x x x x x x

− +

− +

− − − − −
=

− − − − −
 

 

are integral polynomials of the Lagrange interpolation formula. 

Remember that 

   ( )
0 kur

1 kur
j i

i j
p x

i j


= 

=
 

Thus, when ( ), 0j ii j x  =  and ( ) 0j ix = , while 
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 ( ) ( ) ( )'1 2 1 1i i i i ix x x p x  = − −  =   and  ( ) ( ) 21 0i i i ix x x = −  = . 

Thus, 

 ( ) ( ) ( ) ( ) ( )'

2 1

0, 0

0 0 0
n n

n i j i j i

j j i j

H x f x f x f x f x+

=  =

=  +  +  =  . 

So, 2 1nH +  matches f  at points 0 1, , , nx x x . 

The error of the Hermite interpolation polynomial is given by ( )
( ) ( )

( )
( )

2 2
2

2 1

02 2 !

n n

n i

i

f
E x x x

n


+

+

=

= −
+

 . 

Example 9.1: Construct the Hermite interpolation polynomial for the values given in the table below and 

find ( )2.5f . 

Table 15: Values of function f in example 9.1 

k  kx  ( )kf x  ( )'

kf x  

0 2.2 0.5207843 -0.0014878 

1 2.4 0.5104147 -0.1004889 

2 2.6 0.4813306 -0.1883635 

 

 Solution: 

We first compute the polynomials ( )ip x  of the second power that form the Lagrange interpolation 

polynomial and their derivatives: 

( )
( )( )

( )( )

( )( )

( )( )
( )

2
1 2 '

0 0

0 1 0 2

2.4 2.6 5 6.24
, 25 62.5

2.2 2.4 2.2 2.6 0.08

x x x x x x x x
p x p x x

x x x x

− − − − − +
= = = = −

− − − −
 

( )
( )( )

( )( )

( )( )

( )( )
( )

2
0 2 '

1 1

1 0 1 2

2.2 2.6 4.8 5.72
, 50 120

2.4 2.2 2.4 2.6 0.04

x x x x x x x x
p x p x x

x x x x

− − − − − +
= = = = − +

− − − − −
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( )
( )( )

( )( )

( )( )

( )( )
( )

2
0 1 '

2 2

2 0 2 1

2.2 2.4 4.6 5.28
, 25 57.5

2.6 2.2 2.6 2.4 0.08

x x x x x x x x
p x p x x

x x x x

− − − − − +
= = = = −

− − − −
 

The polynomials j  and 
j  are: 

( ) ( ) ( ) ( ) ( )
2

2
' 2

0 0 0 0 0

5 6.24
1 2 15 32

0.08

x x
x x x p x p x x

 − +
  = − − = −   

 
. 

( ) ( ) ( ) ( )
2

2
' 2

1 1 1 1 1

4.8 5.72
1 2

0.04

x x
x x x p x p x

 − +
  = − − =    − 

. 

( ) ( ) ( ) ( ) ( )
2

2
' 2

2 2 2 2 2

4.6 5.28
1 2 40 15

0.08

x x
x x x p x p x x

 − +
  = − − = −   

 
. 

and 

( ) ( ) ( ) ( )
2

2
2

0 0 0

5 6.24
2.2

0.08

x x
x x x p x x

 − +
 = − = −  

 
. 

( ) ( ) ( ) ( )
2

2
2

1 1 1

4.8 5.72
2.4

0.04

x x
x x x p x x

 − +
 = − = −  

− 
. 

( ) ( ) ( ) ( )
2

2
2

2 2 2

4.6 5.28
2.6

0.08

x x
x x x p x x

 − +
 = − = −  

 
. 

From where 

( ) ( ) ( ) ( ) ( )

( ) ( )

0 1 2 0

1 2

0.5207843 0.5104147 0.4813306 0.0014878

0.1004889 0.1883635

H x x x x x

x x

=  +  +  −  −

−  − 

 

and 
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( )

( )

2.5 0.5207843 0.0859375 0.5104147 0.5625 0.4813306 0.3515625 0.0014878 0.0046875

0.1004889 0.15625 0.1883635 0.0140625 0.0447549007812 0.28710826875

0.1692177890625 0.0000069740625 0.005652500625

H =  +  +  −  −

−  −  − = + +

+ − − + 0.0026488617187

0.4980703456249.

=

=

 

 

 Solution using Mathematica: 
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X Spline Interpolation 
 

 High-degree polynomials can oscillate erratically, that is, a minor fluctuation over a small 

portion of the interval can induce large fluctuations over the entire range. An alternative approach 

is to divide the approximation interval into a collection of subintervals and construct a (generally) 

different approximating polynomial on each subinterval. This is called piecewise-polynomial 

approximation [2]. 

The simplest piecewise-polynomial approximation is piecewise-linear interpolation, which 

consists of joining a set of data points ( )( ) ,i ix f x  for 1, 2, ,i n= , by a series of straight lines, 

as shown in Figure 5. 

 

Figure 5: Piecewise-linear interpolation, [2] 

A disadvantage of linear function approximation is that there is likely no differentiability at the 

endpoints of the subintervals. 

An alternative procedure is to use a piecewise polynomial of Hermite type. The problem when 

using a piecewise polynomial of Hermite type lies in the necessity of knowing the derivative of the 

function to be approximated. Often has data on the function but not on its derivative. This limits 

the use of Hermite piecewise polynomials. 
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10.1. Cubic Splines 

 

 The most common piecewise-polynomial approximation uses cubic polynomials between 

each successive pair of nodes and is called cubic spline interpolation. 

Definition 10.1.1. [2] Given a function f  defined on [ , ]a b  and a set of nodes 

0 1 na x x x b=    = , a cubic spline interpolant S  for f  is a function that satisfies the 

following conditions: 

a) ( )S x  is a cubic polynomial, denoted ( )jS x , on the subinterval 
1,j jx x +

    for each 

0, 1, , 1j n= − ; 

b) ( ) ( )j j jS x f x=  and ( ) ( )1 1j j jS x f x+ +=  for each 0, 1, , 1j n= − ; 

c) ( ) ( )1 1 1j j j jS x S x+ + +=  for each 0, 1, , 2j n= − ; (Implied by (b).) 

d) ( ) ( )' '

1 1 1j j j jS x S x+ + +=  for each 0, 1, , 2j n= − ; 

e) ( ) ( )'' ''

1 1 1j j j jS x S x+ + +=  for each 0, 1, , 2j n= − ; 

f) One of the following sets of boundary conditions is satisfied: 

i) ( ) ( )'' ''

0 0nS x S x= =  (natural (or free) boundary); 

ii) ( ) ( )' '

0 0S x f x=  and ( ) ( )' '

n nS x f x=  (clamped boundary). 

Although cubic splines are defined with other boundary conditions, the conditions given in (f) are 

sufficient for our purposes. When the free boundary conditions occur, the spline is called a natural 

spline. 

It can be proved that such a function ( )S x  exists and is unique. Let's show how the cubic spline 

can be constructed. 

Since ( )S x  is a cubic polynomial, for  1,i ix x x + , ( )''S x  will be linear, so using linear 

interpolation we write 

( ) ( ) ( ) ( ) ( ) ( )'' '' '' ''

1 1/i i i i i iS x S x S x S x x x x x+ +
 = + − − −                           1,i ix x x +  
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By integrating this equation we get 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2' ' '' ' '' '' ''

1 1/ 2

i

x

i i i i i i i i i

x

S x S x S t dt S x S x x x S x S x x x x x+ +
 = + = + − + −  − −         

(10.1.1)    

By integrating once again in  ,ix x  and substituting ( )iS x  with if  (condition under b)) we obtain  

 ( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )
2 3' '' '' ''

1 1/ 2 / 6i i i i i i i i i iS x f S x x x S x x x S x S x x x x x+ +
 = + − + − + −  − −   

(10.1.2) 

With this formula the spline can be calculated at any point x  by knowing ( ) ( )' '', ,i iS x S x  ( )''

1 .iS x +

We make the following notes 

  ( )' '

i iS x S= , ( )'' ''

i iS x S= , 1i i ih x x+= −    për 1, 2, , 1i n= −  

Substituting these into (10.1.1) and taking 1ix x +=  we find '

iS  

  ( )' '' ''

1 1/ / 6 / 3i i i i i i i iS f f h S h S h+ += − − −       (10.1.3) 

We emphasize that spline ( )S x  and its derivative ( )'S x  can be calculated if the values ''

iS  are 

known for 1, 2, , 1i n= − . To find these values we use together the relations (10.1.1) and 

(10.1.3). First in (10.1.1) we replace i  with 1i−  and get ix x= . Thus we find: 

   ( )' ' '' ''

1 1 1 / 2i i i i iS S S S h− − −= + +                  (10.1.4) 

Now according to (10.1.3) we replace '

iS  with '

1iS −  in (10.1.4). 

 ( ) ( ) ( )'' '' '' '' '' ''

1 1 1 1 1 1 1 1 1/ / 6 / 3 / / 6 / 3 / 2i i i i i i i i i i i i i i i if f h S h S h f f h S h S h S S h+ + − − − − − − −− − − = − − − + + . 

Or by grouping according to ''

1iS − , ''

iS  and ''

1iS +  we have 

 ( ) ( ) ( )'' '' ''

1 1 1 1 1 1 12 6 / /i i i i i i i i i i i i ih S h h S h S f f h f f h− − − + + − −
 + + + = − − −                           (10.1.5) 
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which is a system of 2n−  equations with 2n−  unknown ''

2S , ''

3S , ... , ''

1nS − . The values of ''

1S  and 

''

nS  are determined by the condition under f) of the definition. 

If we denote by id  the right hand side of the system (10.1.5) then its equations are written by: 

  

( )

( )

( )

( )

'' ''

1 2 2 2 3 2

'' '' ''

2 2 2 3 3 3 4 3

'' '' ''

3 3 3 4 4 4 5 4

'' ''

2 2 2 1 1 1

2

2

2

..............................................................

2n n n n n n

h h S h S d

h S h h S h S d

h S h h S h S d

h S h h S d− − − − − −

+ + =

+ + + =

+ + + =

+ + =

 

This triangular system, with the following substitutions: 

 

( )

( )

2 1 2 2 2

2

1 1 1 1 1 1

2

2 / /

3, 4, , 1

k k k k k k k k k k

a h h b d

a h h h a b d h b a

k n

− − − − − −

= + =

= + − = −

= −

 

returns to the system 

    

'' ''

2 2 2 3 2

'' ''

3 3 3 4 3

''

1 1 1

........................................

n n n

a S h S b

a S h S b

a S b− − −

+ =

+ =

=

 

which has a matrix with dominant diagonals, therefore there is only one solution which is given 

by: 

( )

''

1 1 1

'' ''

1

/

/ 2, 3, , 2

n n n

k k k k k

S b a

S b h S a k n n

− − −

+

=

= − = − −
 

Knowing all the values of ( )''S x  ( )'' ''

1 0nS S= =  we find the spline and its derivative at every point 

 ,x a b  with the formulas (10.1.2) and (10.1.3). 

The error of the cubic spline is given by: 



63 
 

    ( ) ( )  27
, ,

8
f x S x h M x a b−     

where 

   1i ih x x+= −  and ( )''maxM f x=  for  ,x a b . 

Example 10.1.1 [2]: Construct a natural cubic spline that passes through the points ( )1, 2 , ( )2, 3 , 

and ( )3, 5 . 

 Solution: 

This spline consists of two cubics. The first for the interval  1, 2 , denoted 

   ( ) ( ) ( ) ( )
2 3

0 0 0 0 01 1 1S x a b x c x d x= + − + − + − , 

and the other for  2, 3 , denoted 

    ( ) ( ) ( ) ( )
2 3

1 1 1 1 12 2 2S x a b x c x d x= + − + − + − . 

There are 8 constants to be determined, which requires 8 conditions. Four conditions come from 

the fact that the splines must agree with the data at the nodes. Hence 

( ) ( ) ( )0 0 0 0 0 11 2 , 2 3 , 2 3f a f a b c d f a= = = = + + + = = , 

and 

( ) 1 1 1 12 5f a b c d= = + + + . 

Two more come from the fact that ( ) ( )' '

0 12 2S S=  and ( ) ( )'' ''

0 12 2S S= . These are 

  ( ) ( )' '

0 1 0 0 0 12 2 : 2 3S S b c d b= + + =  and ( ) ( )'' ''

0 1 0 0 12 2 : 2 6 2S S c d c= + =  

The final two come from the natural boundary conditions: 
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   ( )''

0 01 0 : 2 0S c= =  and ( )''

1 1 13 0: 2 6 0S c d= + = . 

Solving this system of equations gives the spline 

   ( )
( ) ( )  

( ) ( ) ( )  

3

2 3

3 1
2 1 1 , for 1, 2

4 4
.

3 3 1
3 2 2 2 , for 2, 3

2 4 4

x x x

S x

x x x x


+ − + − 

= 
 + − + − − − 


 

The graphic interpretation is given below: 

 

Example 10.1.2 [2]: Use the data points ( )0, 1 , ( )1, e , ( )22, e  and ( )33, e  to form a natural spline 

( )S x  that approximates ( ) xf x e= . 

 Solution: 

We have 3n = , 0 1 2 1h h h= = = , 2

0 1 21, ,a a e a e= = =  and 3

3a e= . So the matrix A and the 

vectors b and x  have the forms: 

   
( )

( )

2

3 2

0
1 0 0 0

3 2 11 4 1 0
,

0 1 4 1 3 2

0 0 0 1
0

e e
A b

e e e

 
 

 
  − + 
 = =  
  − + 
 

  
 

 and 

0

1

2

3

c

c
x

c

c

 
 
 =
 
 
 

. 

The vector-matrix equation Ax = b is equivalent to the system of equations 
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( )

( )

0

2

0 1 2

3 2

1 2 3

3

0.

4 3 2 1 ,

4 3 2 ,

0

c

c c c e e

c c c e e e

c

=

+ + = − +

+ + = − +

=

 

This system has the solution 0 3 0c c= = and to 5 decimal places, 

 ( )3 2

1

1
6 9 4 0.75685

5
c e e e= − + + +   and ( )3 2

2

1
4 9 6 1 5.83007

5
c e e e= − + −  . 

Solving for the remaining constants gives 

 ( ) ( ) ( ) ( )3 20
0 1 0 1 0

0

1 1
2 1 6 9 4 1.46600

3 15

h
b a a c c e e e e

h
= − − + = − − − + − +  , 

 ( ) ( ) ( ) ( )2 3 21
1 2 1 2 1

1

1 1
2 2 3 12 7 2.22285

3 15

h
b a a c c e e e e e

h
= − − + = − − + − +  , 

 ( ) ( ) ( ) ( )3 2 3 22
2 3 2 3 2

2

1 1
2 8 18 12 2 8.80977

3 15

h
b a a c c e e e e e

h
= − − + = − − − + −  , 

 ( ) ( )3 2

0 1 0

0

1 1
6 9 4 0.25228

3 15
d c c e e e

h
= − = − + − +  , 

  ( ) ( )3 2

1 2 1

1

1 1
3 3 1 1.69107

3 3
d c c e e e

h
= − = − + −  , 

and 

  ( ) ( )3 2

2 3 1

2

1 1
4 9 6 1 1.94336

3 15
d c c e e e

h
= − = − + − +  − . 

The natural cubic spine is described piecewise by: 

     ( )

 

( ) ( ) ( )  

( ) ( ) ( )  

3

2 3

2 3

1 1.46600 0.25228 , for 0, 1 ,

2.71828 2.22285 1 0.75685 1 1.69107 1 , for 1, 2 ,

7.38906 8.80977 2 5.83007 2 1.94336 2 , for 2, 3 .

x x x

S x x x x x

x x x x

 + + 


= + − + − + − 


+ − + − − − 

 

Now, the graphic representation is given in the figure below: 
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 Solution using Maple: 
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Conclusions 

 

 In this paper consisting of 10 chapters we have examined polynomial interpolation. In it we 

have given the theoretical part and we have solved some very interesting examples.  

First, we solved the examples analytically and then we implemented them in application software. 

Specifically, the software was used: Wolfram Mathematica and Maplesoft, where we wrote down 

the relevant codes and solved the examples. 

From what we see we can conclude that we have obtained the same results both from the analytical 

solution and through software for each example. But the software solution is obtained much faster 

and with less effort and calculations. Specifically, faster solutions, as we can see, we get from 

Maple software, because this software has thousands of packages and sub packages that allow us 

to quickly and accurately come to the solution. Some of the sub-packages we have used are the 

CurveFitting[PolynomialInterpolation] and the Student[NumericalAnalysis]. 

This topic opens paths for implementing these codes in other software as well. 
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