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Hyrje

Jobarazimet shfaqén tek shumé disiplina té matematikes, por monografia e paré q& éshté
shkruar pér Jobarazime é&shté né vitin 1934, ku Hardy, Littlewood dhe Polya publikuan
monografing “Jobarazimet” né kuadér t€ Universitetit t&¢ Cambridge. Pas monografis€ s€ pare jané
rritur interesimet e shumé matematikanéve pér jobarazime. Bile n€ folklorin e matematikes ceket
shpeshheré fraza “Cdo matematikani i pélqéjné jobarazimet”. Pér t€ fuqizuar kété qé e shprehém
mé lart€ mund t€ shihen edhe botimet e librave t€ ndryshém qé lidhen drejtpérdrejt me jobarazime
e q€ po 1 cekim si botimet e Drambe né vitin 2003, Mitrinovic dhe Vasic botuar né 1970,
Mitrinovic dhe té€ tjeré té€ botuar né€ vitin 2013, Bullen botuar né vitin 1994 dhe shumé t€ tjeré. Po
ashtu sot kemi edhe revista t€ ndryshme shkencore qé botojné punime qé lidhen drejtpérdrejt vetém

me jobarazime t€ ndryshme.

Edhe pse nga historia e matematikés dimé se shumé matematikan i kané dhéné shtytje zhvillimit
té késaj fushe, megjithaté kemi t€ tillé q€ nuk lidhen asnjé jobarazim me emrin e tyre. P.sh
Maclaurini ka rol shumé té rénd€sishém né jobarazime matematikore por nuk kemi asnjé jobarazim
té njohur me emrin e tij. Né fakt Maclaurin ka filluar té pérdor vértetimet t€ njohura si epsilon-
delta tek limitet, e q€ pas tij fillojné né analizén matematikore t€ béhen shumé t€ domosdoshme
vértetimet pérmes jobarazimeve. Matematicienti 1 madh Euler edhe pse ka dhéné mbi 800
publikime shkencore né matematiké nuk éshté se ésht€é marr me jobarazime. Ndérsa ne e shohim
edhe né librat universitar jobarazimin e Bernoul-it por nuk ka fakte sé si ka mbetur ky emér i njohur

si jobarazimi i Bernoul-it.

N¢é shénimet e Cauchyt né kuadér t€ kursit Analiza jané gjetur jobarazime si jobarazimi i mesatares
aritmetike -gjeometrike. N& fakt kéto pjes€ né kuadér t€ kétyre shénimeve fillimisht fillohet me
vetité elementare t€ jobarazimeve aritmetike dhe pastaj pérfshihet edhe jobarazimi i Cauchy-it, ku
versioni me shuma té fundme sot i adresohet si jobarazimi i Cauchy—Schwarz— Buniakowski. N&é
fakt kété jobarazim né vitin 1884 e ka dhe Schwarz né trajte integrale, ndérsa né vitin 1859

Buniakowski e ka dhéné né t&€ dy versionet.

Né kuadér té kétij punimi t€ masteri jané pérfshiré 4 kapitu;.



Kapitulli i paré i kushtohet Jobarazimeve trigonometrike ku fillimisht &éshté dhéné
jobarazimi i mirénjohur i Jordanit, pastaj jané dhéné€ disa jobarazime t& vértetuara gjaté viteve té
fundit, dhe né fund jepen disa vértetime t€ njohura si vértetime pa fjal€ pér jobarazime e q€ kané

filluar t€ béhen mjaft atraktive pér shumé matematicient.

Kapitulli i dyté i kushtohet jobarazimeve gjeometrike, duke pérfshiré jobarazimin e
mesatares aritmetike-gjeometrike, pastaj me jobarazimin e trekéndéshit, Erdos Modellit dhe disa

jobarazime t€ tjera me réndési.

Né kapitullin e treté zgjerojmé konceptet e zhvilluara duke marré jobarazimet e trajtés
matricore ku fillimisht do merren jobarazimet ¢ Hadamard-it pér matricat reale pastaj jobarazimet

e Hadamard-it pér matricat komplekse.

Kapitulli i katért do t’i kushtohet aplikimit t€ softueréve , si: Geogebra dhe Wolfram
Mathematica dhe n€ formulimin e jobarazimeve dhe pérmes kétyre programeve né€ do 1 provojmé
kéto jobarazime dhe do t€ japim interpretimin e tyre. Vlen té theksohet qé zhvillimet e hovshém
né shkencat kompjuterike ka ndikuar qé sot t€ kemi shumé paketa t€ gatshme qé lidhen me
jobarazime né€ shumé softuer t€ ndryshém, e qé kéto e kané béré edhe me té aplikueshém

pérdorimin e jobarazimeve jo vet€ém né matematiké, por edhe né fusha té tjera.



Jobarazimet gé pérfshijné funksionet trigonometrike

1. Jobarazimi i Jordanit

Jobarazimi i Jordanit, i emértuar pér hiré t&€ matematicientit francez Camille Jordan (1838—

1922), jepet me

Teorema 1.1[Mitrinovic, faqé 33]. Le t€ jet€ 0 < x < % Atéheré
2 .
—x < sin(x) < x.
T

.. o e U
Barazimi vlené€ pér x = >

Vértetim.

Duke integruar t€ dy anét e jobarazimit

1

2 — T
sec?(x) = peveTo 21 (0=sx<9)
né intervalin (0, x), marrim
_ 2 _ 1 _ _ __sin(x) _ 1 _ _ _
= [ sec?(x)dx = fcosz(x) dx = |lu = tan(x) = P du = P dx| = [du=u=
tan (x)
fsecz(x)dx Zfdx

tan (x) = x (0Sx<g).

Késhtu qé marrim

d (sin (x)) _ (sin (x)) x—sin(x)-x' _ x-cos(x)—sin(x)

dx X x2 x2



_costr) (x—tan(x)) <0,(0<x < g)

x2

Prej nga konkludojmé se
(D

Barazimi né (1) vlen atéheré dhe vetém atéheré kur x = %

Le té jeté funksioni f(x) = x — sin(x).
Tani,
f(0) =0 —sin(0) = 0.
f'(x) = (x —sin(x))’ =1 — cos(x),
Duke marré ne konsideraté, 1 < cos(x) < 1, kemi f'(x) = 1 — cos(x) = 0.
Pra funksioni eshte rrités né [0, o). Prej nga per cdo x > 0 ose x=0 kemi

f(x) = f(0) = x —sin(x) = 0 = x = sin (x).

Pra, sin(x) <x, (0<x< g).

Duke i kombinuar jobarazimin e mésipérm me jobarazimin (1) fitojmé jobarazimin e Jordanit

%x <sin(x) <x,(0<x < g).
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Figura 1- Paragqitja grafike e funksioneve qé lidhen me jobarazimin e Jordanit

Teorema 1.2 [Mitrinovic, faqé€ 236]. Nése 0 < a < b < g, atéheré

sina mwa
- < ==
sinb ™ 2b

<

SRS

Teorema 1.3. Nése x = 1, atéheré

1 1 1
Sin( )— 2sin (—) +sin( )> 0.
x—1 X x+1

Vértetim.

Nése zévendésojmé y = sin—, at€heré

y = ( 1)’ cos (%)

sin—
X

R I IV

Meqé shprehja e mésipérme pér x = 1, éshté pozitive pra,




y" > 0.
Késhtu g€ y éshté funksion konveks pér x € [1, o).

Tani duke pérdorur jobarazimin e Jensenit vlené jobarazimi

1 1 1
sin( )— 2sin (—) +sin( )> 0.
x—1 X x+1

Teorema 1.4. Nésea < 3,dhe 0 < x < g, atéheré

cos(x) < (si: X)a 1.4.a)

Nése a > 3, atéheré ekziston 0 < x; < %, g€ né varési t€ a, kemi

cos(x) > (sin(x))a, (0 <x<x4q)
cos(xy) = (Sir;(j(l)f: 140
oy < (O] (o <x<D)

Vértetim.

Mjafton té vértetojmé pér a = 3. Shénojmé me

f(x) = x —sin(x) (cos x)_%

Atéheré,

!

1 17/
=x"— (sinx)'(cosx) @ — sinx [(cos x)‘a]

fx) = (x — sin x (cos x)_%>

8



1 1 1
=1-—cosx(cosx) a— —Esinx (cosx) a Mcosx]' =

) 1 1
=1-(cosx)a " — (—a) sinx (cosx) @ "(—sinx) =

a-1 1 _atl
f'(x) =1—(cosx) a —Esinzx(cosx) a .

2 2a+1

f"(x) = (%) sinx (cosx)™ a [coszx __atl

(a—1)2f
Nésea =3dhe 0 <x < g, kemi f"(x) <0, f'(x) < f'(0) = 0dhe f(x) < f(0) =0.
Pra,

£x) = x — sin(x) (cos(x)) @ < 0 = x < 2 (cos(aya < 2

(cos(x))a

cos(x) < (M)a,

X

me cka u tregua 1.4.a).

a+1
(a-1)2

Nése pér a > 3, atéheré < 1 dhe duke marr né konsideraté

— 1\ 2 a+1
£ = (o) sin(x) (cos@)™ 4 [cos?(x) - %

shohim se 3¢ € (0,7) i tillé gé

f"(x) >0 0<x<Eg
fH(E):: 0'
f"(x) <0 E<x <

Kéto relacione implikojné se funksioni x — f'(x) &shté rrités prej f'(0) = 0 deri



f'(&) > 0 dhe pastaj zvogélues deri te f' (E — ) = —oo. Késhtu gé ekziston ne (0, g) i tillé

2

qé:
f'(x) >0 0<x<n,
f'(m) =0,
f'(x) <0 n<x<7,

Nga relacionet e mésipérme shohim se vlené 1.4.b).

Rrjedhimi 1.5. Nése a < b < 3 dhe 0 < x < 7, atéheré

cos(x) <

(sin(x))¢
xb

Ky rrjedhim rrjedh nga teorema e mésipérme dhe jobarazimi:
(sin(x))® = (sin(x))? (a<bdhe0<x < g).
Teorema 1.6 [Dreiling, fagé€ 5]. Le t€ jet€ 0 < x < g Atéheré

- sin(x) -;tan (x).

Vértetim.

Fillimisht rikujtojmé disa identitete trigonometrike

cos(2x) = cos?x — sin?x (1.a)
cos(2x) = 2cos?x — 1 (1.b)
sin(2x) = 2 sin(x) cos (x) (1.c)

10



_ w12  sin?x 4sin? (E)
sin(x) - tan(x) — [Ztan (E)] = oz — (%2) =

N

8

ancetan)~ [zan ()] = anco- 2 3.0

sin2x  4sin® (%) B sin®x 4sin2( )

~ Cosx cos2 (%) " cos? (%) — sin? (g) ) cos? (%)

NI X

Duke zbatuar

sin(2x) = 2 sin(x) cos(x),

ku né vend té X marrim vlerén 2 kemi

sin (zg ) = 2sin (g ) cos (g)

Pra, fitojmé

pan()eos ()] 4023
o () (3) o ()

ssin? (eos?() _ asine()_
cost ()5 (5)  eosi()

sin?(eos? (pcos () asin? (3 cos2(3)-sin (5)]
cos? (D {cos2 (D)5t )

s () [ro* (3)  [eos ()~ s ()]
cos* §) [eos* () )

. . . o e . . X
Né barazimin e mésipérm duke zévendésuar cos? 5) sin ( ) = cos (x)

N

fitojmé

11



4sin? (%) [COS4 (%) - cos(x)]
cos? (%) - cos(x)

)~ ost (5) ] _ s (3)eos (5) 1

s
) - cos (x) B cos? (%) - cos (x) > 00 <xs 2

4sin? (%) [cos4 (

cos? (

N KRN &

Pra,

sin(x) - tan(x) — [Ztan (g)]z >0

2tan (g) < \/sin(x) - tan(x).

Teorema 1.7. Nése x > /3, atéheré

(x+ 1) cos (X I 1) —XCcoSs (g) > 1 (1.7.2)

Vértetim.

Duke pérdorur seriné e Taylorit pér funksionin cos t rreth origjin€s, marrim(mund té fitohet duke
klikuar né linkun

https://www.wolframalpha.com/input/?i=taylor+series+cos%28pi%2F%28x%2B1%29%29)

T 1) —XCOS(g) =
2k 2k

- T - T
- kZO(—m QIO (e + 1)1 ;(_NW

f(x) = (x+1)cos (x

® 2k
=1+ ;(_1)k_1 (;[k)! [lelc—l - (x + i)zk—l]'

Né ményré qé€ t€ provohet (1.7.a) mjafton té tregohet se

12


https://www.wolframalpha.com/input/?i=taylor+series+cos%28pi%2F%28x%2B1%29%29

= ok "
;(_1)k (2k)! [x2k—1 C(x + 1)2k—1] >0,(x=v3).

taylor series cos(pi/(x+1)) =)

n
T NATURAL LANGUAGE [ RVERERLLINS M EXTENDED KEYBOARD  :if EXAMPLES 4 UPLOAD 4 RANDOM

Input interpretation

. n
series CDS[ )
x+1

Series expansion at x=0 @ Enlarge & Data @ Customize A Plain Text

2

1 1
-rtx - 22 (x* (2 - 36)) x* + 5 7 (7% - 12) x° + 0(x°)

-1+

(Taylor series)

Series expansion at x=w« More terms
. N ﬂz[ﬂ2—36] 2r? - L O[(l)é)
-+ —+ + + -
2x* X3 24 x* x° X
(Laurent series)
Approximations about x = 0 up to order 3 More terms
A ! /
\_ "\ ./
ALY 2 4
A /
AN / N
AV A N i)
-2 \.
.\
-4 \

(order n approximation shown with n dots)

Series representations More

- [_l)k,rzk(_L 2k

[ i ) 14x
cos =) ——
1+x (2k)!
k( . x \l+2k
[ n ) = (=1) (_z * l+x)
cos =-Z
1+x b (1+2k)!
« cos(¥% 4+ z )[L -2 )k
[ i ) 2 0\ 1 ™0
cos =
1+x k!

13



taylor series cos(pi/x) o8 ‘

Ly
B naTuraL Lancuace [ETVTSBRUTINS [ EXTENDED KEYBOARD i3 EXAMPLES 4 UPLOAD 34 RANDOM

Input interpretation

; F g
series COS( - )

X
Series expansion at x=«= More terms
N J'l'2 J’l’4 0([ 1 ]5]
-+ + =
2x*  24x* x

Laurent series)
converges everywhere away from origin)

Series representations @ FEnlarge = & Data @ Customize A Plain Text

s (-1 2k (L

2k
[z, x\le2k
[JT] = (=1 [ 2+x)
cos|— | = -
X (1+2k)!

k=0

Seria
k-
Z(_l) ' (2K)! |x2k-1 - (x + 1)2k—1] >0, ( X2 \/§)
k=1 '
éshté alternative, pér x = 0. Mund té provohet se
1 1 1 1 1.7.c)

x2k-1 " (x + 1)2k-1 > x2k+1 (x + 1)2k+1

14



vlen pér x = 0 dhe k = 1,2,3, ...
Shohim se 1.7.c) implikon 1.7.b).

Né ményré qé t€ provohet 1.7.c) mjafton té tregohet se funksioni

1 1
fie(x) = w2k=1  y2k+1

éshté zvogélues pérx > V3 (k = 1,2,3,...).

Meqgé

, —(2k-1) 2k +1

mund té konkludojmé se f;, €shté zvogélues pér

(k=12,..).

Megé

2k+1 _
/Zk_l <V3(k=12..),

mund té nxjerrim né pérfundim se fi, pér cdo k = 1,2, ... &shté zvogélues né [\/§, 00].

Késhtu g€ jobarazimi 1.7.a) vlen.

15



sinx

2. Jobarazimet q¢€ lidhen me

Shumé autor kané shpreh interesim rreth jobarazimit

(cosx)/3 < % < Loz (2)

3 )
pér0 < |x| < m/2.

Jobarazimi 1 paré éshté dhén€ nga D.D. Adamovi¢ dhe D.S. Mitrinovic [Mitrinovic, p.238], dhe
jobarazimi 1 dyté éshté vértetuar nga N. Cusa and C. Huygens [J. Sandor dhe M. Bencze].

Versioni hiperbolik 1 (2) jepet:

(COSh (X))1/3 < sinh (x) < cosh (x)+2, (3)

x 3

pér x # 0.

Pjesa e paré né ekuacionin (3) éshté dhéné nga Lazarevi¢ [Mitrinovic, faq€ 270], dhe pjesa e dyte
e (3) shpesh njihet me emertimin jobarazimi hiperbolik i Cusa-Huygens [E. Neuman and J.

Sandor].
Ng fillim i japim disa lema ndihmése

Lema 2.1 [Bhayo, B. A., & Sandor, J. (2014). ]. Pér —oo < a < b < oo, le té jeté
f,g:[a b] = R funkisone té vazhdueshme né [a, b, dhe té derivueshme né (a,b). Le té jeté

g'(x) # 0 né (a,b). Nése f'(x)/g’' (x) éshté rrités (zvogélues) né (a, b), atéheré té tilla jané

poashtu
Fx)—-f(a) f)-f(b)
——— dhe —/——=.
s-g@ ¢ g@-a®)
Nése L ,(x) &shté rigorozisht monoton, atéhere edhe [OT@ - gpe M,
9'(x) 9(x)-g(a) 9(x)—g(b)

jane rigorozisht monotone.

16



Lema 2.2 [Bhayo, B. A., & Sandor, J. (2014). |. Funksioni
f(x) = 4xsin(x) + (4 — x?)cos(x) — x?

éshté rigorozisht monotono-zvogélues né (0,7/2) dhe (a,4),kua = n(8 — m)/4 ~ 3.81578.

Poashtu,
4+x?%—(4—x?%)cos(x)

m(8-m)/4+x%—(4—x2)cos(x) _ sin(x)
2 < 2
4x x 4x

pérx € (0,t/2).
Vertetim. Nga
sin(x) = 2sin(x/2)cos(x/2) dhe 1 — cos(x) = 2sin(x/2)?
dhe duke kryer derivimin marrim
f'(x) = x(2cos(x) + xsin(x) — 2)
= 2sin(x/2)(xcos(x/2) — 2sin(x/2)) < 0.
Pra, f &shté rigorozisht monotono-zvogélues né x € (0, g).
Lema 2.3 [Bhayo, B. A., & Sandor, J. (2014). |. Funksioni

_ sin(x)—xcos(x)
f(x) - 2sin(x/2)—xcos(x/2)

éshté rigorozisht zvogélues ne (0,7/2) dhe (b,4),b = 2v/2/(4 — m) ~ 3.81578.

Poashtu vlené,
22 (Zsin (Z) — XCOS (g)) < sin(x) — xcos(x) < 4 (251n (g) — XxCcos (g)),

pérx € (0,t/2).

Vértetimi.
xsin(x) xsin(x/2)(sin(x) — xcos(x))

flx) = 2sin(x/2) — xcos(x/2)  2(2sin(x/2) — xcos(x/2))?

17



__ xsin(x/2)(x(2+cos(x))—3sin(x))
"~ 4—(4xsin(x)+(4—x2)cos(x)—x2)’

i cili &shté negativ. Kjo implikon se f &shté rigorozisht zvogélues pér x € (0,7 /2), duke pé&rdorur

formulat e Lopitalit marrim vértetimin e kérkuar.

18



3. Jobarazimet gé vértetohen pa fjalé

Kohéve t€ fundit jan€¢ duke u publikuar njé numér i konsideruar i publikimeve shkencore

rreth jobarazimeve t€ njohura si vértetimet e jobarazimeve pa fjalé.
N¢€ vijim 1 japim disa vértetimé té tilla:
N¢ vitin 1996, Feng Yuefeng e jep vértetimin e jobarazimit t& Jordanit me emértimin “Vértetimi

pa fjalé: Jobarazimi 1 Jordanit”

OB = OM + MP >)A = PBQ = PAQ = PQ
> msinx = 2x = 2sinx

2x )
= —<sinx < x.
T

Né vitin 2009 Angel Plaza ka dhéné vértetimin e jobarazimit t&€ Bernoul-it pa fjalé.

Jobarazimi i Bernoul-it: Nése a > 0,a # 1 dhe x > 1, atéheré a®* — 1 > x(a — 1).

19
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N¢ vitin 2009, Hasan Unal ka dhéné njé vértetim t€ késaj trajte pér identitetin e arctangjentit.
Identiteti i arctangjentit:

Nése x,y>0 dhe x? + y? = 1, atéheré

tanh™?! (1;—’() + tanh™! (1_73/) =I

4

(=)
arctan =
X
1 — X
1 arctan ( ! ) =B
: y

2a+2ﬁ=%—>a+ﬁ=

21
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N¢ vitin 2019, Vincent Ferlini ka dhéné€ vértetimin e jobarazimit trigonometrik pérmes paraqitjes

grafike sin(cos x) < cos(sinx), < x < g

. ,.
| o 1 Cog
~ S
o
sin(cos x)
Cos T
cos(sinx) '
. ]
. x Y
z 2
&~ 1 \=
v
]
> —
0 1 1

sin(cosx) < cos(sinx)
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Jobarazimi eksponencial i vértetuar né trajtén e vizualizimit i dhén€ nga Angel Plaza né vitin

2008:

AtE ,B_A
Nésed < B atéherée 2 <

y

i ()< m(L)<m(L,)

: L

AB B LA AL B
T -7 e’ - — < :
B-A 2
-fff ,,‘#J"LI
f
.(Ifi A+ B [f’l+fs] B
In
2 2
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A8 B e +e’
a o fy
e (B A){Led."{ >

(B-A4)

AB B _ et et et
<
B—A 2

t
—
A

N¢ vitin 2010, éshté€ dhéné nga Rob Pratt vértetimi pa fjale i1 jobarazimit té tangjentit:

r

Ifa, >0fork=1,...,nand Zak < /2, then tan (Zak) > Ztanark.
k=1 k=1

k=1

Nése ap = 0 pérk =1,2,..,ndhe Y- ai < g atéheré tan(Q}_; @) = Yp-; tan ay
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> tana,

> tan oy

tan

Né vitin 2004 Hassani, M., Bayat, M., & Teimoori, H. kané dhéné vértetimin pa fjalé té

jobarazimit a cost + bsint
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ax+ by=0

(cos 1, sin 1)

L I

d<1=|acost +bsint|//a*+b* <1

—va*+b* <acost +bsint < /a*+ b?
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NEé vitin 1993 Roger Nelsen ka vértetuar pa fjal€ jobarazimin e Aristarchusit

T sin a a tan o
O<ﬁ<a<-2-:sin,6 <F<tan,8

y
4 y=tanx
tan B
= x
V=B
sin 8
1+ B "
y=sinx
é I sina < slgﬁa
t'mT"ﬁ.:nrt:tsm.m
v sin a <% tan a
E ’ sinB B " tanp
5 i == x
0 B a %
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II. Jobarazimet gjeometrike

Jobarazimet gjeometrike kané njé€ rol t€ madh né teorin€ e jobarazimeve. K&to jobarazime né
radhé té paré€ jan€ jobarazime q¢€ lidhin elementet e trekénd€shit, por edhe t€ formave té tjera

gjeometrike p.sh drejtkéndéshit, sferés, tetraedrit.

Jobarazimet gjeometrike nuk €shté fushe e re, p.sh kéto paraqgiten q€ n€ kohén e Euklidit pér

lidhshmériné e brinjéve si p.sha + b > c dhe |a — b| < c.

Edhe pse sot éshté njé€ numér i madh 1 jobarazimeve t€ késaj fushe ne do t’1 japim disa

jobarazime qé kané aplikim mé t€ madh né matematikeé.

2.1 Jobarazimi e mesit aritmetik, gjeometrik dhe harmonik

Le té jeté dhéné vargu a = (aq, a,, ..., a,). Mesi aritmetik, gjeometrik dhe harmonik jepen me

formulat:
1 n
Ay(a) = — i=1 %
dhe
H, (a) Z?Zlai

Teorema 2.1. Vlen jobarazimi

Vértetim. Vértetimin e jobarazimit t&€ dhéné do e b&jmé pérmes induksionit matematik.
Megenése pér ¢do aq, a, > 0, vlené implikimi
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(Jar— @)’ 20> a,—2/aa; +a, > 0
a, — 2 /a;a, +a, = 0=

a; +a,
— =,/ aqa
2 1%2
Prej nga konkludojmé se jobarazimi i dhéné ésht€ i vérteté pér n=2.

Supozojmé se jobarazimi vlen pér n, pra

a1+a2+"'+an

n
2 \/al - az "'an.

n
Dubhet vértetuar se vlen pérn + 1
aj+az+-+a
aj+az+--+an+tanyr n%"'anﬂ > n"faj-ayan+ansq
n+1 o n+1 - n+1 )

Duke zévendésuar a, - a, --- a, = a® ™V, q, ., = b™*!, marrim

a, +a2 +"‘+an +an+1

n+1
— \/al-az...an+12

n+1
nya, a; - a, + anyq
= n+1 —n+va1'a2"'an+1
nan+1 + bn+1 nan+1 + bn+1 _ nanb _ anb
= _—a"p =
n+1 n+1

_na"(a—b)+b(a" —b")

n+1
b—a
= [na™ — ba™ ! — b%2a™ % —--- — b"]
n+1
(b —a)? +1 -2 —3( 2 2 -1 2 1
=n—+1[a” +a"2?(a+b)+a" 3@ +ab+b*)+ -+ @ +a" b+ -+ b))
= 0.
Nése né jobarazimin e vértetuar meé sipér, né vend té a, a,, ..., a,, marrim i, i, ,i atéheré
J p 1, Az n

a; az an

mosbarazimi merr trajtén
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n .
Var a2t 2w (@ > 0,i=12,..,n).

ai az an

Nga jobarazimi i mésipérm dhe teorema e mésipérme arrijmé né jobarazimin e mesatares

aritmetike, mesatares gjeometrike dhe mesatares harmonike:
Ay(a) = Gy(a) = Hy(a)

Vizualizimin e japim né€ figurén e méposhtme

—

o

ﬂ.—zH} 2 ﬂab

Nj€ ményré€ vizuale e vértetimit t€ mésipérm mund t€ béhet edhe nga figura e
méposhtme.
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b a
(@ +b)2—(a—b)2 = 4ab

u;bzm

Teorema 2.2 ( Jobarazimi i Bernul-it). Le t€ jet€ dhéné x; € R, x; > —1,i = 1,2, ...

Vlen jobarazimi
(I+x) A4+x)-A+x)=214+x,+x,++x,
Vértetim.
Vértetimin e béjmé me anén e induksionit matematik.
Pérn = 1,2 shohim se vlen jobarazimi.
Supozojmé se jobarazimi vlen pér n = k, pra
T+x) A+x) - A+x) =142+ x5+ + xp.
Dubhet vértetuar se vlen pér n=k+1

(1 +2x) (T 42x2) - (T +x) - (1 +xp44) 2
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> (1 +x; +x+ -+ x) (14 xp41) =
=(1+2x; + x5+ -+ X+ X)) + (0 + X+ 0+ X)) Xy =
>1+x,+x; 4+ + X+ X441
sepse
(¢ + x5+ -+ x5) " X471 = 0.

Prandaj
QT4+x) A+x)A+x)=14+x+x,+ -+ x4

gj€ q¢€ duhej vértetuar.

2.2 Jobarazimi i Erdos Mordellit

Teorema 2.2.1. Le té€ jeté O njé piké brenda trekendéshtit ABC. Nése x, y dhe z jané distancat
nga pika O deri tek kulmet, ndérsa p, g dhe r jané distancat e segmenteve normale né brinjét e

trekéndéshit atéheré vlen jobarazimi
x+y+z=22(p+q+7)
Vértetim. Fillimisht do japim njé€ leme, pastaj do e vértetojmé jobarazimin e Erdos Mordellit.
Lema 2.2.2. Pér trekénd€shin ABC si né figurén e méposhtme vlen
ax = br + cq,
by = ar + cp
dhe

cz = aq + bp.
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Pér té paré né menyré vizuele jobarazimin

ax = br + cq,

shohim figurat e méposhtme
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B az C

Dy jobarazimet tjera fitohen n€ ményré vizuele né ményré analoge.

Tani vértetojmé teoremén.
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Kryejmé pjesétimet me a, b dhe ¢ pérkatésisht

ax = br +cq|:c

by =ar +cp|Db
dhe

cz = aq+ bp|:c

Prej nga fitoyjmé

dhe

Duke kryer mbledhjen e jobarazimeve t€ mésipérme fitojmé

b b
xX+y+z= (Zr+£q) +(%r+%p)+(%q+;p)

>(b+c> +(a+c) +(a+b>
=>|\=+- -+ - —+—|r
c b p c a 1 b a
Duke pérdorur jobarazimin e mesatares aritmetike, mesatares gjeometrike dhe mesatares
harmonike arrijmé né€ jobarazimin
x+y+z=22(p+q+r7)

cka €shté dashur té vértetohet.
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Teorema 2.2.3. N¢ trekéndéshin ABC vlené jobarazimi

33

sin4d +sinB +sinC < -

Vértetim. Funksioni sinus éshté funksion konveks né intervalin [0, w|(shih grafikun e tij)

1.0} B
i \'L ."';r I‘\'
J.' II."",I | |I|' '|‘II.II
\ |
f \ .ot f,’{ \
II',r 11.", . ."" \II
.II'II Ik' '.Il' 1'\.
\% \ X
] A 7
\ [ \ /
\ o5 | \ (rf
.".I ,." H
|.II ." I||L
\ __.lll II"._‘ .-r
1.0 ’

Duke pérdorur jobarazimin e Jensenit kemi:

sinA +sinB +sinC (A+B+C V3
3 —Sm( 3 )sz

Prej nga

3v3
sind +sinB +sinC < -
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2.3 Jobarazimi i Eulerit per trekéndéshin

Fillimisht vértetojmé jobarazimin
Lema 2.3.1. Pér ¢do tre numra pozitiv x, y dhe z vlené jobarazimi

x+yV)(y+2)(x+2z) = 8xyz 2.3.a)

Vértetim.

Duke pérdorur jobarazimin e mesatares aritmetike dhe gjeometrike rrjedh se pér x, y dhe z kemi:

X+
ZyZ,/xy
x+z>
5 = Xz
y+z

>
2 =V?

Duke kryer shumézimet fitohet

P LD i

Prej nga
x+y)y+2)(x+2)=8xyz

cka duhej té vértetohet.

Le t€ jeté dhéné trekéndéshi ABC dhe brinjét e tij a, b, ¢ si né figurén e méposhtme
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b a

{I'

Trekendeshin e mésipérm e ndajmé né 6 pjes€ mé t€ vogla si n€ figurén e méposhtme

Nga figura vérehet se

x+y=c
ytz=a
x+z=b

Duke marré né konsideraté ekuacionin 2.3.a) fitohet

38



abc = 8xyz 2.3.b)

Tregohet se 2.3.b) éshté ekuivalent me R > 2r.
Fillimisht japim tri lema ndihmése:

Lema 2.3.2. Nése a, b, ¢ jané brinjé té trekéndéshit ABC, R rrezja e rrethit té jashtéshkruar dhe

K syprina e sipérfages sé trekéndéshit atéheré vlen:

4KR = abc.
Veértetimi.
h aj __lab
b~ R "T3R
1 1 abc
==-h¢ = ——
2 4 R
4KR = abc

Lema 2.3.3. Nése x,y dhe z jan€ si né figurén e méposhtém dhe r rrezja e rrethit té brendashkruar

atéheré vlen:

xyz=1%(x+y+2z)
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Vértetimi.

Le t€ shénojmé me w = Vr? + x?2

- Xz
ri(x+y) «

—

rz(x+y)
Xyz = r3(x+y+z)

Lema 2.3.4. Nése me K shénojmé syprinén e sipérfages sé trekéndéshit ABC dhe me r rrezen e

rrethit té brendashkruar vlen:

K=r(x+y+2).
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Vértetimi:

K=rix+y+2)
Teorema 2.3.5 (Jobarazimi 1 Eulerit). Nése me R e shénojmé rrezen e rrethit té jashtéshkruar né
trekéndéshin ABC, ndérsa me r rrezen e rrethit t€ brendashkruar atéheré vlené jobarazimi
R = 2r.
Vértetimi. Duke zbatuar lemén e paré kemi 4KR = abc, pastaj duke patur parasysh lemén e dyté
xyz=1%(x+y+z)

si dhe

abc = 8xyz

fitohet
4KR = abc = 8xyz = 8r?(x + y + 2)

Pastaj duke marré né konsideraté se

K=r(x+vy+2)
fitohet
4KR > 8r%(x+y +z) = 8rK
prej nga duke pjesétuar t€ dy anét me K fitohet

R = 2r.
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2.4. Jobarazimii Padoas(Alessandro Padoa, 1868-1937)

Nése a, b, ¢ jané brinjét e njé trekéndéshi at€heré vlené jobarazimi:

abc=(a+b—-c)(b+c—a)(c+a-hb).

x+y=2/xy

abc = (y+2)(z+x)(x +y)
> 2/57- 2% - 2 /3y
= (22)(2x)(2y)
=(a+b—c)b+c—a)c+a-—>b)

42



III. Kuptimi i matricés. Vektorét rreshtoré dhe shtylloré

Matricé quajmé ¢do bashkési elementesh a; (i=1,2,...,m; j=1,2,...,n) té renditur né

formén e njé skeme drejtkéndore

a,  ap a,,
A= ay; a.zz a,,
aml am2 amn

Thuhet se matrica e tillé é€shté e rendit mxn .

Vektor rreshtor apo matricé njérreshtore quhet matrica e cila pérbéhet vetém prej njé rreshti.
Pér shembull matrica njérreshtore e rendit 1x5 ka formén
A= [a11 a, a; a, als] .
pra A €éshté matric€ me nj€ rresht dhe pesé shtylla.

Vektor shtyllor apo matricé njéshtyllore quhet matrica, e cila pérbéhet vetém prej nj€ shtylle.

Pér shembull: matrica njé shtyllore e rendit 4x1 ka formén

J:D*‘ ‘;‘® E@‘ :®‘

Zero matricé quhet matrica, té gjithé elementet e s€ cilés jané zero. Simbolikisht shénohet:
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ku rendi i saj €shté€ i ¢farédoshém.

3.1. Veprimet me matrica

Dy matrica 4 = (a;), B = (b;) jané té barabarta, né qofté se jané t€ t€ njéjtit rend si dhe

elementet pérkatése 1 kané té€ barabarta, pra:

A=B dmith. (a,) =(b

mxn y

) apo a,=b, Vi=12,..mj=12,..n.

Shumézimi 1 matricés 4 = (a,

lj) me numrin « &shté matrica, né té cilén t& gjitha elementet e
mxn

saj shumézohen me até numér, do té thoté

aA:a(a..) :(aa..) .
U mxn U mxn

Le t€ jen€ dhéné dy matrica A dhe B té rendit t&€ nj&jté mxn:

ay Gy .. 4y, b, b, .. b,
a a a b, b ... b
21 2 2 )1 22 P
A= ) ", B=|. ) !
aml am2 e amn bml bm2 ce bmn
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Mbledhja e matricave 4 dhe B pérkufizohet né kété¢ ményre:

a, 4, a,, i1l 12 b,
A+ B = .a21 .azz ‘aZn + .b21 .bzz .b2n _
aml amz amn bml bm2 bmn
a,+b, a,+b, ... a,+b,
| ay +b,, a,+b, ... a, +b,,
aml +bml amZ +bn12 amn +bmn

Shkurtimisht:

A+B= (a/ )m +(bif )m = (ai,, +b; )m = (C/ ) >

ku a; +bij =¢,;, i=12,...m;j=12,....n.

Zbritja e dy matricave 4 dhe B té rendit t€ njéjt€ mxn pérkufizohet né két€ ményrée:

ay Gy e 4y, b, b, b,
A_B = f’zl .azz flzn B .b21 .bzz o by, _
aml am2 amn bml bm2 bmn
a,—b, a,-b, a,, —b,
| 9 b, ay—b, a,, —b,,
aml _bml am2 _bm2 amn _bmn
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Veprimet e mbledhjes dhe té shumézimit té matricés me numér kané kéto veti:

1. A4+B=B+4 5. (ap)A=a(pA)

2. (A+B)+C=4+(B+C) 6. a(A+B)=ad+aB
3. A+0=4 7. (a+B)A=ad+pA,
4. A+(-4)=0

Ku 0 é&shté zero matricé e rendit t€ njé&jté me matricén A, ndérsa o dhe f jan€ numra t&

cfarédoshém real€; ndérkaq matricat A, B dhe C jané t€ rendit t& njé&jte.

Shumézimi i matricés 4=(a, ), me matricén B = (b,g) éshté matrica C = (Ci;) , né t& cilén

mx pxn Y mxn

elementi ¢, pércaktohet me barazimin:

V4
¢, =ai1b1_j +a52b2j +...+a[pbp/ :zaikb,g. ,i=12,....m;j=12,...,n.
k=1

Pér shumézimin e matricave vlejné vetité:
1. A(BC)=(4B)C
2. A(B+C)=4B+AC

3. (4+B)C=AC+BC
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Matricé e transponuar e matricés A=(ay)mn quhet matrica A'=(aji)nm.

dmth. né qofté se:

a, 4y a, a4y a,,
a a .. a a a a
21 2 2 N T 1 Axn 2
A=| : = 7| atéheré 4’ = ) "
aml am2 amn aln a2n amn

Matricat e transponuara i kané kéto veti:
1. (4") =4

2. (A+B)T =A"+B"

3. (ad) =ad"

4. (4-B) =B"- A"

Matricé katrore quhet matrica né té cilén numri i rreshtave éshté i barabarté me numrin e

shtyllave. Shembull: matrica katrore e rendit n, n €| &shté

a4y a,,
A= ay; a'zz a,
anl anZ b ann

Pér n=1,kemi 4= [al 1] =a,, ( matrica e rendit 1x1 identifikohet me numrin pérkatés).

a, a
Pér n=2, kemi A=[ e

} &shté matrica katrore e rendit té dyté.
ay Ay
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Elementet a,,,a,,,...,a,, formojné diagonalen e matricés katrore 4 t€ rendit .

nn

Matricé diagonale quhet matrica katrore né t€ cilén t€ gjitha elementet e saj jashté diagonales

jané zero. Simbolikisht shénohet:

a, 0 .. O
0 a, 0
D = ) aij = 07 17 J
0 O a,,
Matricé skalare quhet matrica diagonale, né té€ cilén q,,=a,,=...=a,,=a, a#0.
Simbolikisht shénohet:
0 .. 0
0 a 0
S= .
0 0 a

Matricé njési quhet matrica skalare tek e cila a=1 dhe shénohet

1 0 ... 0

o1 .. 0 1, i=j
I=\. . . . ose I:(é'l.j), ku é‘il.:{ l_ J.

oo ' 0, i#]J

0 0 1

Cdo matricé katrore 4 kur t€ shumé&zohen me vetéveten fitohet njé matricé katrore e rendit té
njejt€ me 4. Duke e zbatuar vetin€ asociative t€ shumézimit t€ matricave, mund té pérkufizohet

fuqizimi i matricés katrore A:
A =A4-4

A :Az-Az(AA)A:A(AA):AA2

A" =A""A=4-4"", mell .
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Sipas pérkufizimit merret: 4° =7 dhe A' = 4, ku I &shté matricé njési e rendit t& njé&jté me A.

Fuqizimi i matricave katrore ka vetité:
1. A"-A"=4""
2 () =4
3. (1)'=1

Ku m=0,1,2,..., n=0,1,2,... .

Duke patur parasysh veprimet algjebrike me matrica : mbledhjen, zbritjen, shumézimin me

numér dhe fuqizimin e tyre, mund t€ formohet shprehja:

P(4)=a,A" +a, A" +..+a,A" +a A +a,]

Ku [ &shté matricé njési e rendit t€ njéjté me 4, ndérkaq a,,q,,a,,...,a, jané numra. Polinomi

P(A) quhet polinomi matricor i matricés.
Pér ¢do polinom té zakonshém té€ shkall€s m
P(x)=a,x"+a, x"" +..+a,x’ +ax' +a,
pércaktohet njé polinom matricor i formés
P(4)=a,A" +a, A" +...+a A +a)
Ndérkaq, ekuacion matricor quhet ekuacioni i formés
a A" +a, A" +...+a,A +aA +a, =0, (0 &hté zero matricé e t& njéjtit rend me A4).

Matricé simetrike quhet matrica katrore 4 tek e cila vlen 4= A", dmth. a;=a,

]
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Matricé antisimetrike quhet matrica katrore A pér té cilén vlen 4" =—4 ku a;,=—a;, i+ J;
Meqé a, =—a, implikon 2a, =0 apo g, =0 do té thoté, te matricat antisimetrike t& gjithé

elementet né diagonale jané zero.

Matrica ortogonale quhet matrica katrore 4 e cila plotéson kushtin 44" = 4" 4=1.
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3.2 Kuptimi i determinantés

Secilés matricé katrore té rendit »

a4y a,,
A= ay; a'zz a,
anl anZ b ann

1 pérgjigjet njé numér specifik, t€ cilin e quajmé determinanté té rendit n t€ matricés A4,

simbolikisht:
a, 4ap a,,
a a .. a
21 2 2
detA=|" =14
anl anZ ann

Procesi 1 njehsimit té determinantés té rendit tre € mé shumé &shté njé proces mé 1 ndérlikuar.

Le t€ véshtrojmé njé determinanté t€ rendit » (me » rreshta dhe n shtylla).

alj
a, 4ap ... 4, a,,
Ay Gy e GGy a,,
D= -
a, a, a, .. a,.j 000 al.p «—— rreshtij
“ij
A, Ay o Al a,
T shtylla j
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Minor M ielementit a; n€ determinantén D quajmé determinantén e fituar nga determinanta

D me menjanimin e rreshtit i dhe shtyllés ;.

Kofaktori 4; ielementit a; n€ determinantén D pérkufizohet n€ kété ményre:

4, = (_l)iﬂ M, ,

me fjalé té tjera kofaktori pérkufizohet pérmes minorit.

Teorema e Laplasit €shté cdo determinant€ e rendit »:

a, 4a; a; a,

ay Ay a,; a,,
D=

ail a;, ail' ain

anl anZ anj oo ann

mund t€ zbérthehet pérmes kofaktoréve (minoréve) sipas elementeve té ¢farédo rreshti apo shtylle
(1) D=aijAi1 + ainAi> +... +ag/'Ag/ +... tandn; i=12..,n,
ose:

(2) D= a1jA1j + aszzj +... +a,-jA,-j + ...+ anjAnj; ] =1,2,..,n.
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METODA E SAHRUSIT DHE TREKENDESHIT PER NJEHSIMIN E
DETERMINANTES SE RENDIT TE TRETE

Pér njehsimin e determinantés sé rendit té treté, pérpos metodés sé minoréve, ekzistojné edhe
dy metoda tjera:

1. Metoda e Sahrusit, 2. Metoda e trekéndshit.
Kéto dy metoda vlejné vetém pér njehsimin e determinantés sé€ rendit té treté.

Metoda e Sahrusit N¢ determinanten D t€ rendit tre le t&€ pérshkruajmeé shtyllén e paré dhe té
dyté pas shtyllés s¢ treté:

1
a, a, azi1 a4, 4,
1
1 — —
D=la, a, ay i Ay Q| =4y Ap 0y t+ A10y305 + 4130505,
1
a3 4y Ay Ay Ay

—Q30505 — 4113y —d;rd,05; -

Shembulli 1. Me metodén e Sahrusit t€ njehsohet determinanta

2 1 3
5 6 -1
4 0 -2
2 013 1 2 1
Zgjidhja: |-5 6 ~1 | =5 6=2-6-(~2)+1-(~1)-4+3-(-5)-0~
4 0 21 4 0
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—3-6-4-2-(-1)-0—1-(-5)-(-2)=—24-4-72-10=-110

Metoda e trekéndshit éshté njé modifikim 1 metod€s s€ Sahrusit. Shumézimi i elementeve
pérgjaté dy trekéndshave dhe njérén diagonale merret me parashenjén +, ndérsa shumézimi tjetér
po ashtu pérgjaté dy trekéndshave tjeré dhe diagonales tjetér merret me parashenjén —, pra

) ( )
( ) ( )
(‘ ) (r (

+ -

Shembulli 2. Té njehsohet determinanta nga Shembulli 1. me metodén e trekéndéshit

2 1 3
Zgjidhja: |-5 6 —1/=2-6-(-2)+1-(-1)-4+3-0-(-5)—
4 0 =2

—3-6-4-2-0-(=1)-1-(-5)(-2) =
=-24-4-72-10=-110.

Shembulli 3.T¢ njehsohet determinanta e rendit t€ 4 duke e zbérthyer sipas elementeve t€ shtyllés
4.

1 -1 3 —4
Lot 2 0 4
30 4 2
4 5 2 0
-1 2 0] [1 -1 3 1 -1 3
Zgjidhja: D=—(-4)|3 0 4|+4|3 0 4|-(=2)-1 2 O+
4 5 2| |4 5 2 4 5 2
1 -1 3
+0l-1 2 0/=4(0-32+0-0+20+12)+
30 4

+4(04+16+45-0-20—6)+2(~4+0-15+24-0+2)+0

=4-0+4-35+2-7=140+14=154
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3.3 Vetité e determinanteve

1. detd=detA”, ku A" éshté matrica e transponuar e matricés A.

2. Né qofté se né determinanté, dy rreshta (shtylla) i ndérrojné vendet ndérmjet veti, atéheré
determinanta ndryshon shenjén.

3. Determinanta me dy rreshta (shtylla) té njéjté e ka vlerén e barabarté me zero.

4. Determinanta shumézohet me njé numér, kur té gjithé elementet e njé rreshti té ¢farédoshém
(shtylle té ¢farédoshme) shumézohen me até numeér.

5. Nése té gjithé elementet e njé rreshti (shtylle) né determinanté jané té barabarté me zero,

atéheré vlera e determinantés éshté e barabarté me zero.

=)

. Né qofté se elementet pérkatése té dy rreshtave (shtyllave) té determinantes jané
proporcionale, atéheré viera e determinantés éshté e barabarté me zero.

7. Determinanta nuk ndryshon, nése njé rreshti (shtylle) té ¢farédoshém i shtohet njé rresht

(shtyllé) tjetér i shumézuar mé paré me ¢farédo njé numeér.

b
d y

a+b x| la x

¢y

+ . Kjo veti vlen edhe pér determinante t€ rendit 3, 4, etj.

“le+d oy

N¢ vazhdim japim pérkufizimin e kombinimit linear t€ vektoréve, vektoret linear té varur dhe té

pavarur dhe kuptimin e bazés.
Pérkufizimi 3.1 [E.GAshi& D.Pupovci, Hapésirat vektoriale, faqé 10].
Le t€ jen€ dhéné€ vektorét:
X1, X9, e, X €EX
dhe skalarét, ay, a; ...,ay € F.
Kombinim linear i vektoréve x4, x5, ..., X
quhet vektori:

Y =aixy +azx, + .o+ apxy
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Pérkufizimi 3.2 [E.GAshi& D.Pupovci, Hapésirat vektoriale, faqe 11].
Vektorét
X1y X2, ey X

quhen linearisht t€ pavarur nése kombinimi linear zero

ai1xX1+ azxy + -+ apx =0
ka vend vettm péra;, = a, =+ =a, =0
Neése relacioni

a1X1 + azxy + -+ apx, =0
ka vend pér ndonjé a; # 0 themi se vektorét jané linearisht t€ varur.
Pérkufizimi 3.3 [E.GAshi& D.Pupovci, Hapésirat vektoriale, faqé 11].
Nénbashkésia B e vektoréve té hapéisrés vektoriale X quhet bazé e hapésirés X, nése:
1) Bashkésia B &shté linearisht e pavarur

2) Cdo vektor x € X mund té paragitet si kombinim linear i vektoréve té bashkésisé B.
Pérkufizimi 3.4. Prodhim skalar ( pérdorimi shénimin: (, ) ose <, >)quajmé pasqyrimin
<,>:XXX-oF

g€ 1 plotéson kushtet:

l. (x,x)=0 , VxeX
(x,x))=0=x=0, VxeX
,y)=@x) , Vx,y €X
Ax,y) = A(x,y) , Vx,yEX, A€EF

A

(1 +x2,5) = (x,¥) + (x2,¥) , Vxy, %,y €X
Hapésira vektoriale X né té cilén éshté pérkufizuar prodhimi skalar ( , ) quhet hapésiré unitare.

Té shtojmé se me (X, y) né 3. éshté shénuar numri i konjuguar i numrit kompleks (x, y).
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Nése F = R 3. merr formén (x,y) = (v, x)
Pér prodhimin skalar vlejné kéto veti.

. (oAy)=2(x,y) , x,yEX A A€EF

2 (x,y1+y2)=(x,y1)+(x,y2) ) x;yliyZEX
3. x,Ax)=|A?(x,x), x€EX, NAEF
4

[P < (ex)(@y) , x,y€X
5. Jx+y, x+y) <Jxx)+/0,y)

Pérkufizimi 3.5. Normé né hapésirén vektoriale quhet funksioni

lIll: X > RT(R = [0,0)); x — [IX]|
dhe shénohet ||x||, nése:
[1] |lx|=0, VxeX
2] lxll=0 &x=0
[3] lAx|l = [Alllx]l, Vx € X, dhe ¢farédo numri A € F
[4] llx+yll < llxll +llyll, vVx,y€X

Nése F = R"™ apo F = C", pér ¢do (x4, x5, ..., x,) € F kemi:
e I-normén ||x||,,
n
Il = D il = [xal + | 4+ L]
i=1

e 2-normén ose normén Euklidiane ||x||,:

1
n 2
Ixll, = (lem) = VIl + Tl + =+ [
i=1

e oo —normén ose sup-normén ||x||o:

lxle = max{|x;| : i = 1,2, ...,n}
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3.4. Jobarazimii Cauchy — Shwarc- Bunjakovski

Teorema 3.4.1. Le té jeté X hapésiré€ unitare. Atéheré:

e, I <)@ y) (xy€X)

Vértetim.
Marrim:
xy) T Xy y.x)
A == =|—) = —.
y) A (y,y) oy
Nisemi nga:

0<|lx—xyll> = (x —Ay,x — Ay)
= (x,x) — (x, y) — (Ay, x) + (Ay, Ay)
= (x,x) = A(x,y) — Ay, x) + 1A(y, y)
G0 (x, y) (v, x) (x, )

= (%) .y) (e y) = . y) &%) + v,y v, y) &)
_ G0 &) (y, x)
= (%) .y 32 . y) &%) + . y) %)

_ Gy

- (x,X) (y, y) (le)

Ndérsa tek hapésira unitare vlen:

lxll = /(%) = x> = (x,x) dhe (x, ) (¥, %) = (x,)(&Y) = |(x,¥)|? , ateheré:

|G )

= |[x]|* — e ,rrjedh qgé:
|Cx, )

llx|I? — NE 20 /-lyll?

lxll? - llyll? = |G, )12 = 0
1Ce, )12 < llxlI? 11y 112
|G )1 < llxlllyll
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[, ) < xx)y (,y)
[, ) <V x)(,y)

cka &shté dashté t€ vértetohet.
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3.5 Jobarazimi i Minkovskit

Teorema 3.5.1. Le t€ jeté X hapésiré unitare, at€her¢:

Ja+y,x+y) <00 +/0,y)

Vértetim. Sipas jobarazimit t&€ Bunjakovski — Koshi — Shfarcit kemi:

0<(x+yx+y)=0xx)+0xy)+@x)+ Oy
< (6,0 +V 0@ V000 + ()
= (6,1 + 2/ 03, 9) + 3,y)
= /(6,02 42/, 03, 9) + (3, 9)?

- (V& +y7y)

Atéheré:

(x+yx+y) < (\/(x,x)+\/(y,y))2 =Ja+y,x+y) <J&0)+V0y)
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3.6 Jobarazimi i Hadamardit pér matrica

Teorema 3.6.1 (Jobarazimi i Hadamardit). Le t€ jet¢ A = [a;;] matric€ katrore ku elementet e

saj jan€ numra real. At€heré
(detd)? < l‘[}'zl(Z?:l az;).
Vértetim. Supozojmé se (a,, a,, ..., a,) njé bashkési e vektoreve shtyllor né R™ me

A = (a4, ay, ..., a,) matrica reale korresponduese e rendite nxn. Nése kjo bashkési éshté
linearisht e varur at€heré determinant e matric€s €shté e barabarte me zero dhe jobarazimi 1
Hadamardit €sht€ trivial. Supozojmé se shtyllat e matrices A jane linearisht te pavarura. At€heré
nga procesi i Gram-Schmidit ekziston njé bazé ortonormale (e,, e, ..., €,,) dhe vlené vetia qé

baza e pérbéré nga vektoret (ey, e, ..., €,,) éshté e barabarté me bazén e vektoréve

span{eq, €y, ..., e }=span{a,, a,, ..., Ay }.

Tani Va;, 1 < j < n mund t€ shkruajmé:

Tani, le té jet€ B = [by,;] njé matricé e sipérme trekéndéshe té till€ qé

by, =< a; e, >nése 1<k<l
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dhe

b, =0nésel < k <n.

Késhtu qé
<CL1,€1> <CL2,€1> <anJel>
0 <a,e,> T <ape;>
B = . . .
: 0 :
0 0 <a,e,>
Letéjetée E =[e; e, °° €n] matricé e tipit nxn ku kolonat korrespondojné me bazén e

ortonormuar (eq, €y, ..., €,) pér R™.

Kryejmé shumézimin e E me B prej nga fitohet

<a1,61 > <a2,61 > <aniel >
<a,e,> T <ape>
EB=ler e ]| ) A
0 0 <a,e,>
[e1 < ae; > e <aje>+e,<aze,> = e<a,e>++e <a,e, >
[<aje;>e <aje >e+<aze,>e, = <ape>e+-+<la,e,> e,

Prej nga

n n n
z<a1,ei>ei Z<a2,ei>ei Z<an,ei>ei>

Pra,
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Pra,

Duke zbatuar

prej nga

(detA)? = detA - detA = det AT - det A
= det(AT - A) = det((EB)T - EB)
— det(BT -ET-E-B)=det(BT-E~1-E - B)
= det(BT - B) = det(BT) - detB

= det(B) - det(B) = (detB)?

2

n n
— — 2
= 1_[<Clj,€j> —1_[<Clj,€j>
j=1 j=1
n n
= n<z <ae >2>
j=1 \i=1

(detd)? < ﬁ <i <aje >2>

j=1

cka €shté dashté té vértetohet.
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3.7 Disa jobarazime pér matricat e rendit té tret€ dhe té katért

Teorema 3.7.1. Le t€ jet€ dhén€ matrica

a —-pb 0 0

{0 b —¢ 0
A= 0 o c —d
1 1 1 1+d

ku a,b,c,d > 0.

Atéher€ vlen jobarazimi:

det (4) > 3%/Z(abcd)%

Vértetim.

det(4) = abcd + acd + abd + abc + bed =

1 1
= Eabcd + Eabcd + acd + abd + abc + bcd

1

>6 E (abcd)?(acd)(abd)(abc)(bcd) °

=6 E]g [abcd]% = 3%/Z(abcd)§.

Barazimi vlen kur%abcd =abc =bcdpshkura=b=c=d = 2.
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Teorema 3.7.2. Le t€ jené dhéné matricat

ku

1<2a<2b<2c,
atéheré vlen jobarazimi

det(4) = det(B).

Vértetimi.

1 1 1 1 1 1
det(4) —det(B)=|la b c|- b ¢
a* b* c* a> b3 3

1 1 1
= a b c
a*—a® b*—b3 c*t-¢3
1 1 1
=10 b—a c—a

0 B*—-b3)—-(a*—-a3® (c*—=c3®)—(a*—a?

1 1 1
0 b—a c—a
0 (b—a)B (c—a)C
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ku:
B = b3 + b%a + ba? + a®> — b?> — ab — a?
C=c3+c?a+ca?+a®—-c?—ac—a?

Tani duke zbritur rreshtin e dyté t€ shumézuar me B prej rreshtit t€ treté fitohet

det(4) — det(B) = (1) bia cia =(b—-a)(c—a)(C—B)
0 0 (c—a)(C-B)
Shohim se
C—B=c*+c?a+ca’>+a®>—c?>—ac—a*—-b3—-b*a—ba%?—a®+b*+ab+a?
C—B=(c-b)X
ku:
X=c*+ch+b*+ca+ba+a’—-c—b—a

2 2

x=( 1)1(,, ) 4 (c-2) aprbetcas
=la 2 2 C 2 a C ca 4

Duke pérdorur jobarazimin e mesatares aritmetike dhe mesatares gjeometrike shohim se

1 1
g(ab +bc + ca) = Y a?b2c? = /276 = 2

Nga ajo g€ u tha me sipér vérehet se:
det(4) —det(B) =0

prej nga:

det(A) > det(B).
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IV. Jobarazimet pérmes Geogebrés dhe Wolphram Alpha

4.1. Hyrje né Geogebra

Geogebra €shté krijuar nga Markus Hohenwarter né vitin 2001/2002 gjaté punés sé tij t&
doktoraturés né fushén e matematikés dhe shkencave kompjuterike né€ Universitetin e

Salzburgut té Austrisé.

Instalimi 1 Geogebres béhet nga webfaqja e Geogebres www.geogebra.org

Dritarja e Geogebres pérbehet nga:

Menyté kryesore né té cilat mund té gjenden komandat e ndryshme

Brezi 1 veglave-ku secila vegél nése klikohet paraqiten vegla té po té njejtés kategori
Butonat b&j dhe zhbéj

Pamja grafike ku shihen afishet e komandave qé 1 japim

Brezi pér futjen e té dhénave

Komanda e ndihmés.

€7 GeoGiebra Classic - 8 x

Z ERrKk s FacaE -
-A A B OIS £ | N =2 @ =

+ ’ L

i spreadshest

123 f(x) ABC #&» X

7 9
[bs]] 4 5 [:]
i} 3
0 <
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4.2 Paraqitja grafike e té funksionit linear y =mx+n pérmes Gjeogjebrés

Lidhja ndérmejt vlerés sé parametrit m dhe formés s€ grafikut t€ funksionit linear. E njéjta
pyetje mund t€ shtrohet edhe pér parametrin » .

Ndjekim kéta hapa:
a=2
1. Me veglén
2.
3.
dhey.
4.
5. Me veglén /4(

krijojmé dy rréshqitésa té cilét i emérojmé me m dhe n .

N¢ brezin e inputit shkruajmé: y=m x+n dhe shtyp Enter.

Me veglén caktojmé piképrerjet A dhe B t€ drejtézE€s me boshtet koordinative x

Lévizni ngadalé rréshqitésin m nga vlera pozive deri né zero dhe vazhdoni deri te
vlerat e tij negative pér t€ paré efektin n€ grafikun e funksionit linear. Pastaj t€ njéjtén
gj¢ e béni edhe me rréshqit€sin n. Sigurisht do t’i véreni efektet né grafikun e
funksionit linear kur i ndryshojmé parametrat m dhe n.

klikoni n€ pikén A. Do té fitoni koeficientin kéndor té drejtézés ose

pjerrésiné e saj.

€7 GeoGebra Classic 5 — O *
Fajell{Dokument) Edito] Pamje Alternativa Mjete Dritare MNdihme Signin
NN RN ® %N E o
o o o N\ o 7 7 hd o o @ &

» Dritare Algjebrike ¥ Grafike

® m=205 0~ v ALw | of
® n=1
® fiy=205x+1
® A=(0,1) P
® B=(2,0) m=-05
® m1=-0.5 .
2
n=1 4
2 R o 5
-1

Inputi(objekti qe futet):
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4.3 Paraqitja grafike e funksionit kuadratik y=ax* +bx+c pérmes

Gjeogjebrés

Le t’i gjurmojmé efektet ndryshimit té grafikut t€ funksionit kuadratik kur e béjmé ndérrimin e
vlerave t€ parametrave a,b,c.

Ndjekim kéta hapa:
a=2
1. Me veglén "I krijojmé tre rréshqitésa té cilét i emérojmé me a,b dhe c.
2. Ng brezin e inputit shkruajmé: y=ax"2+bx+c dhe shtyp Enter.
3. Me veglén caktojmé piképrerjet e parabolés me boshtet koordinative x dhe y (né
raste té ve¢anta mund té jené té padefinuaral).
4. Lévizni ngadal€ rréshqitésat njé nga njé pér té€ paré efektet e parametrave a,b,c né

grafikun e parabolgs.

0 GeoGebra Classic 5

Fajell{Dokument) Editoj Pamje Alternativa Mjete Dritare MNdihme

- O X

Signin

DAl ORON A NIl )

» Dritare Algjebrike  [X] | v Grafike X
® a-16 CEinc~

® b=17

® c-08 a=1g - |

® dy=16x-17x-0.8

@ A=(D,0.8)
® C=(-035,0)

\
. .;_0.8 \ q /

Inputi{objekti ge futet) i @
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Le ta zgjidhim ekuacionin |x| =3. B&mé kéto veprime:

a=2
1. Me veglén .| krijojmé rréshqitésin a.
. Inputi(objekti qe futet): y=a .
2. Ng brezin e inputit shkruajmé il it dhe shtypim Enter.
. Inputifobjekti qe futet): v = abs(x) .
3. Ng brezin e inputit shkruajmé neul(objexti ge futeh dhe shtypim Enter.

4. Me veglén caktojmé piképrerjet A dhe B t&€ drejtézés y=a me funksionin vlera

absolute e x-it.
5. Nga grafiku i fituar:

7 GeoGebra Classic 5 — O x
Fajell(Dokument) Edito] Pamje Alternativa Mjete Dritare Mdihme Signin
DAL ARl =T
| . @ i
b Dritare Algjebr | * Grafike o X
® Fy=3 J_l fht C~
® 5:y—|x T
® A=(33)
® B=(3,3) I
A B
f
4
-3 . 1 o 2 3
< I - i I
Inputi(objekti ge futet): i ®

gjejmé zgjidhjet x =3 ose x=-3.
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4.4 Paragitja grafike e funksioneve trigonometrike né Geogeber

Krijojmé tre rréshitésa a,,®,,®, (gjeni shkronjat greke te & ).
Né brezin e inputit shkruajmé 9bx)=a_1sin (_Tx+o_1)| dhe shtypim Enter.

Krijojmé tre rréshitésa a,,®,,®, (gjeni shkronjat greke te . ).

Né brezin e inputit shkruajmé hba=a_2sin (w_2x+9_2)| 4pe shtypim Enter.

Né brezin e inputit shkruajmé [*/M)=000*(%) | ghe shtypim Enter.
Ndryshoni ngjyrat e té tre grafikéve ashtu qé t€ dallohen me lehtési.

AN e

€% GeoGebra Classic 5 — O X

FajellDokument) Edito] Pamje Alternativa Mjete Dritare Ncihme Signin

[ D AR OO £ =2l ) s

» Dritare Algjebr | = Grafike X
ou2 |[Llnce
9 w,=1

® 9=0

® g(x) = 2si
® 3,=1

o w=1 4y
® 9,-0 ®
® h(x) = 1si
[ ] sum(x) =12

@
n
o
5]
1

_‘E
n
=4
5]
1]

I
o
=
%}
[0
[=]

D
D

\ B\ £
R

SEENFIEEN u i v R
L/ N/ S /
(Inpuﬁ(objekh q;futet): sl @

Gjetja e ekstremumeeve, pikat e lakesés (infleksionit) dhe rrénjét e njé funksioni polinomial.

Bé&mé kéto veprime:

1. N& brezin e inputit shkruajmé |Inputi|[nbjekti ge futet): f[H]=ﬂ.Sx*3+Ex‘2+D.EH-1| dhe shtypim

Enter. Shfaqét grafiku i funksionit f(x).

2. Né brezin e inputit shkruajmé |Inputi|[nbjekti = E i =Rum[f]| dhe shtypim Enter. Kemi
gjetur rrénjét e funksionit f(x).

Inputi{objekti qe futet): |L=Turningpoint{f)

3. N& brezin e inputit shkruajmé dhe shtypim Enter.
Kemi gjetur pikat e lakes€s (infleksionit) t€ grafikut t€ funksionit f(x).

71



|"“”“1j{‘:I bjekti ge 1=”t‘*t]':|E=E"“''e"“""m| dhe shtypim Enter

4. NE brezin e inputit shkruajmé
Kemi gjetur pikat e ekstremumet (max, min) t€ grafikut t€ funksionit f(x).

5. Me veglén konstruktoni tangjentat népér pikat £, dhe E,.

©7 GeoGebra Classic 5 — O *
Fajell{Dokument) Editoj Pamje Alternativa Mjete Dritare MNdihme Signin
> el
-2 2 |
- i.— @ o
R I~ 1IN ONON < .
» Dritare Algjebrike X | * Grafike X
® fx) =05 +2x°+02x—1 | A Cw
@ Rr,=(062,0) 2 T
@ Rr,=(087,0) —m———— ;..‘\-- ———— - ===
@ Rr,=(3750) B N
® L=(13311) \
® E,=(-005-1.01)
® E,=(262,321) / I q
® gy=3nM
® hy=-101
|| JRr
4 -3 2
h

< e > 2
Inputi{objekti ge futet): IG)
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4.5 Vizualizimi i zgjidhjeve té sistemeve té ekuacioneve lineare me dy té

panjohura

. Me veglén " krijojmé rréshqitésin m, .

2. Me veglén ! krijojmé rréshqitésin b, .

10.

11

12.

13.

14.

N¢ brezin e inputit shkruajmé: d 1: y=m_1 x+b 1.
a=2
Me veglén " krijojmé rréshqitésin m, .

&
Il
L)

Me veglén ! krijojmé rréshqitésin b,.
N¢ brezin e inputit shkruajmé: d 2: y=m 2 x+b 2.

Me veglén %Y krijojmé tekstin dinamik Drejtézal: dhe nga menyja |Obiekte ¥
zgjedhim d_1. Klikoni OK.

Me veglén ABC krijojmé tekstin dinamik Drejtéza2: dhe nga menyja (OBDiEkie ¥
zgjedhim d_2. Klikoni OK.

Me veglén > caktojmé piképrerjen A té dy drejtézave.
Pérkufizojmé né€ brezin e inputit abshisa=x(A) (kjo jep abshisén e pikés A).

. Pérkufizojmé né€ brezin e inputit ordinata=x(A) (kjo jep ordinatén e pikés A).

Me veglén ABC krijojmé tekstin dinamik x= dhe nga menyja [OBieke *| 7oiedhim
abshisa. Klikoni OK.

Me veglén "% krijojmé tekstin dinamik y= dhe nga menyja OBiekte ¥| soicdhim
ordinata. Klikoni OK.

Lévizni rréshqitésat pér t€ vizualizuar zgjidhjen e e sistemeve t€ ekuacioneve lineare me
dy té panjohura.
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€7 GeoGebra Classic 5 — O *

Fajell{Dokument) Edito] Pamje Alternativa Mjete Dritare Ndihme Signin

RILALAC-ETONN =]+ R

W W o 7

b Dritare Algjebrike o * Grafike
m, =1 j_ ACY

b,=-1
d1:y =x-1 m,= 1
m2=0.2
b,=0.6 b=
dz: y=02x+06
A=(2,1) 2
abshisa=2
ordinata =1 by =08
Tekst1 =“x=2"
Tekst2 =“y=1"

Inputi{objekti ge futet):|

Tani do ta vizualizojmé Teoremén e Pitagoreés. Pér ta béré kété fillimisht do t€ mésojmé, pérmes
njé shembulli, se si 1 bashkéngjitet njé tekst njé objekti t€ caktuar.

T€ vizualizojmé koeficientin kéndor té nj¢ drejtéze.

1.

2.

10.
11.

12.

el

)
,--'“‘-'I_P—

Me veglén konstruktojmé drejtézén AB.

Me veglén konstruktojmé normalen n€ boshtin x népér pikén B.

'

Me veglén konstruktojmé normalen n€ boshtin y népér pikén A.

Me veglén caktojmé piképrerjen C té€ normaleve té sapo konstruktuara. Fshehni
normalet.

I
Me veglén =~ konstruktojmé trekéndéshin ACB.

Gjeni rritjen vertikale (shtesén e funksionit) duke shkruar né brezin e inputit:
vertikale=y(B)-y(A).

Gjeni rritjen horizontale (shtesén e argumentit) duke shkruar né€ brezin e inputit:
horizontale=x(B)-x(A).

Me veglén ABC krijojmé tekstin dinamik vertikale = dhe te menyja rénése Objekte
zgjedhni vertikale. Klikoni OK.
Me veglén ABC krijojmé tekstin dinamik horizontale = dhe te menyja rénése Objekte

zgjedhni horizontale. Klikoni OK.
N¢ brezin e inputit shkruani: herési=vertikale/horizontale.

Me veglén ABC krijojmé tekstin dinamik kkéndor = dhe te menyja rénése Objekte

zgjedhni herési. Klikoni OK.
Lévizni pikén A ose B pér té paré si ndryshon koeficienti kéndor (pjerrésia) i1 drejtézes
AB.
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ﬂ GeoGebra Classic 5

Fajell{Dokument) Editoj Pamje Alternativa Mjete Dritare Mdihme

— O

Sign

s

in

R

PO,

&)

=D

ABC

‘_I_.g':

o @ %

Dritare Algjebrike

X

* Grafike

X

A=(1,1)

B=(4,3)

f-2x+ 3y =1

mx=4

hy=1

C=(4,1)

c=3.61

a=2

b=73

t1=3

vertikale = 2
horizontale =3

Tekst1 = “vertikale=2"
Tekst2 = “horizontale=3"
herési=0.67

Tekstd = “herési=0.67"

| A C~

AN

herési=0.67

=

verikale=2

e

Inputi{objekti ge futet):

=y
b

Ak
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4.6 Inekuacionet kuadratike né Geogber

Nése kemi inekuacionin e trajtés x2 — 5x + 6 < 0, atéheré kété e zgjidhim pérmes komandés
Solve, si¢ e kemi né figurén e méposhtme:

GeaGebra
. f ] 1
11 = Solve(x2—5x+6<(,u: [
— {2<x<3} 6
O f(x) =x*-5x+6 ]
a:f(x) <0 :
@ P

— X —5x+6<0

+ 3

po—— 25— a

?

3.5 4 4.5

gy

Kemi linge t€ ndryshme me kuadér t€ Geogebres pér zgjidhjen e jobarazimeve kuadratike me
vizualizimin e tyre, si p.sh: linku https://www.geogebra.org/m/QxvSEV3h

ku nése duam t€ gjejmé né cilat pjes€ Eshté pozitiv dhe cilat negativ jobarazimi
2x?2+3x—2>0pérx € (—oo,—2) U (0.5, ) ndérsa:

2x%4+3x —2 < 0pérx € (—2,0.5)
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https://www.geogebra.org/m/QxvSËV3h

= GepGebra

20 +3x—2>0

a=2
z € (—o0,—2)U (0.5, +00) F - +
b=3 X; 1 o [x,1 2
c=-2
2% + 32 —2 <0
£ Jep Jd2 ] z € (-2,0.5)
—b =+ /b - 4
http : [ /wunw.geogebra.org/in /2398399 Ty = —— = @1=-22=05

2a

Shembull: Marrim jobarazimin (2y -3 > |x — 1) A (X2 +y*<2 (x + 2y - 2)) )

N¢é Geogebre jepet zgjidhja e jepet me

P.sh((2y-3>abs(x- 1)) A (X2 +y> <2 (x +2y-2)) )V ( 2y -3 >abs(x - 1)) A (2y - 3 <abs(x - 1))

< O () https://www.geogebra.org/classic
(KA 7 D>OO LN =2 e
S - 2

) a:2y—3>x—1AX+yY <2(x+2y—2)V2y—3>|x—1|A2y -3 < [x—{

-+ Input...
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Ndérsa vizualizimi i jobarazimeve lineare behet p.sh né linkun

https://www.geogebra.org/m/bFcR57tE#fmaterial/Hugq24Spqg

= GeoGebra

Solving Inequalities

Inequality: Graph lllustrator

Graphing Basic Inequalities: 1 Variabl...

Linear Inequality Generator (1B)

Linear Inequality Generator (l1)

CREATE LESSO

r<4 or 4>«

Drag Me!

Ve
w/

X

-14 -13 =12 -11 <10 9 -8 -7 -6

Solution Set
Points LEFT

*

Drag Me!
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-5 -4 -3 -2 -1

Solution Set
Points RIGHT

1 2 3 4 5 6 7 8 9 10 11 12 13 14

Don't Include Include
Boundary Boundary
.

Drag Me!

ra
[



https://www.geogebra.org/m/bFcR57tE#material/Huq24Spq

4.7 Zgjidhja e sistemeve té ekuacioneve né Geogeber

Nése kérkojmé g€ t€ gjendet zgjidhja e sistemit t& ekuacioneve:

x+2y=3
Ix+y=+4%

e realizojmé duke i1 dhéné fillimisht ekuacionet qé 1 kemi shénuar me f dhe g, pastaj duke shénuar
komandén Intesect(f,g) me cka fitojmé zgjidhjen (1,1).

Algebra

®
@

+

GeaGebra Calculator Suite <
i i "
fix+2y =3 : Vo T @
2
g:3x+y =4 \
A
4
A = Intersect(f, g)
—_ (1, 1)
8 -7 6 5 N 3 2 dif-Ho 1 2 3 4 5
Input
-1
2
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4.8 Zgjidhja e jobarazimeve trigonometrike pérmes Wolphram alpha

Duke klikuar mbi linkun
https://www.wolframalpha.com/widgets/view.jsp?id=fc84ad56191547eb89¢c72b9bac209312

Na jepet mundésia té zgjidhim jobarazime trigonometrike

p.sh. : nése e shénojmé jobarazimin 2 sin x + tan x = 0 fitojmé zgjidhjet

C @ https://www.wolframalpha.com/widgets/view.jsp?id=fc84ad56f9f547eb89c72b9bac209312

Calculator of trigonometric inequalities

BETA |

|__www. primat.org J

|2*5in(x)+tan[x) | |>: v ‘ |U

| ok |

Solutions:

Approximate forms

1
2:rnsx<§{4nrl+rr), neZ
2 1
5(3:m-:r)sx< 5(41“’!—11’), ne

2
E(Snn+n)sx<2nn+n, nef

Ne vazhdim shohim se inekuacioni cos(x) — x < 0 vlené pér xe(0.739, )
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Calculator of trigonometric inequalities

BETA

www.primat.org
[cos(x)-x | [==v] [0 |
ok
Solution:
Exact form More digits
X = 0.739085
Number line:
L -
0.4 0.6 0.8 1.0 1.2

Zgjidhjen e jo barazimeve té ndryshme mund ta b&jmé duke klikuar mbi linkun

https://www.wolframalpha.com/widgets/view.jsp?id={82a944b799¢eac194eca37a388daa8b19
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Inequalities and Equations Solver - Math 101 X

Find the real solution(s) of |—1 <=|x|/(x"~2-1)<=4 |

=4 over the reals

Results:

Approximate form

x<(-1-Ves)
8
é(l—ﬁ)sxs%[ﬁ—l)

x2 = (1+V65)

Number line:

- . - - -—
-1.0 ~-0.5 0.0 0.5 1.0
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Inequalities and Equations Solver - Math 101 X

Find the real solution(s} of |e"x< =2 |

Input interpretation:

X
solve e <2 over the reals

Result:
Approximate form
x = log(2)
Number line:
- -
0.4 0.6 0.8 1.0
% WolframAlpha Get this widget i+ 8
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Inequalities and Equations Solver - Math 101

Find the real solution(s) of |Io_q10(x)+|oq 10{2x+1)~:2|

Input interpretation:

solve  log;o(x) +log(2x+1) <2  over the reals

Result:

1
0<x<z(3\/89-1)

Number line:

Approximate form

ﬂWoIfram&Jpha Get this widget
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Inequalities and Equations Solver - Math 101 X
Find the real solution(s) of |5~(2x+1)>5~x+4
Input interpretation:
2x+1 X . aale
solve 5 >5 +4 over the reals
Result:
x>0
Number line:
C -
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
ﬁWolfraanha Get this widget i)+ B
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4.9 Vizualizimi i disa jobarazimeve té funksioneve trigonometrike pérmes
Geogebres

Jobarazimi i Jordanit

Letéjete 0 < x < % Atéheré:

2
;x < sin(x) < x.

= GeoGebra
- _—
eq1
2% : Pl
O f(x) = — *
. ) == +
Algebra . .
O g =sin() : 16 L~
&
o0k O h(x) = x 1.4
™ H
in O eql: x = > . 1.2
Table
+ 1 >
0.8
0.6
0.4
02
0.2 0.4 0.6 0.8 1 1.2 14 1.6
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Jobarazimi i dyt€ i vizualizuar me Geogebres

Le t€ jeté 0 < x < ~. Atéheré

= GCeoGebra
O fx) =x
g in(x) (9
Algebra sin(x) + tan(x
O g(x) = I S
,(& + Input...

-
m
Table

< sin(x) + tan (x)

2

0.5

Jobarazimi 1 treté 1 vizualizuar me Geogeber

Nése x > /3, atéheré:

/s
1
(x + )cosx_l_1

T
—xcos——1>0
X
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= GeoGebra

) T T | 1
g O Aw=tres( ) ol
Algebra ( )
O f2(x) = x cos(=
@ I * 0.5 Bl
Tools . eql: x = V3 ERaan
m 66 = F160 - 269~ 1 Pk 0
® — (x+1) cos(H_Ll)—x cos(g)—l I
+ Input... l \
LMY ;
H /\ \ N {\ €
Jobarazimi

(cosx)'/? <

pér 0 < |x| < m/2.

sinx cosx+2

<

3

)

= GeoGebra
O (= (cost)} ¢ 1“‘
d _ 1
Algebra . g(x) _ sm)EX)
PO |
Tools . h(x) = %
@ socn<] |
+ Input... :’- \\\ 7
] 7 i =5 == -3 -
J N
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Jobarazimi

sinhx coshx + 2
(coshx)/3 < <

3 )

pérx #+ 0.

I vizulizuar pérmes geogebres

= GeaGebra
O (cosh(x))! H bl
]
e gx) = Smii
-@ ® hix) = cosh(x) + 2
3

+ Input...
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